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Time to Zzz...

feaching the 'Z-Transform’..

ARAEIRIE, 2018 7

©1998 Tayfun Akgll

RE AR

CHEFESAEY



Outline

z-Transform

m Definition

m Property of z-Transform
m Rational z-Transform

m Inverse z-Tranform

LTI System in Transfer Domain
m Transfer Function
m Analysis of LTI




Outline

z-Transform
m Definition
m Property of z-Transform
m Rational z-Transform
m Inverse z-Tranform




o) ik g

WUHAN UNIVERSITY

Outline

z-Transform
m Definition

ARAEIRIE, 2018 7



DTFT A5k

DTFT &#: 75 x[n] B DTFT ik

=

X(ejw): Z x[n]e_jw"

n—=—oo

FHEFMT:
O BXTA M
”;w Ix[n]| < oo, (—EULER)
© FHAMEY:
nZw|x (77 %R)
BilF:

x[n] = a"uln], |of >1

RE AR ARAEIRTE, 2018 FX CHEFESAEY



Z i Fr5 xin] Z Tk (z€C)

n=—o0

5 DTFT XA BEEB ictEz=r-¢/%, B4 Z THAUERNM
TER

X(r-e/®) = Y x[n]r e /" «— DTFT{x[n]r ™"}

n=—oo

Z TiA DTFT THRMT B
= Z THSEFR ERXSFFS )" 89 DTFT &H;
- Hr=1K, ZXHk5 DTFT TH]ER.
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Z FH5 DTFT &k

z-Domain
=R v ]

Im{z}

7=e®

® Re{z}

=
N
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Z FH5 DTFT &k
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Z ZIRAIUT S

= FF5 x[n] 9 Z THH

= Z x[n]r g Jon

n=—oo

- Z TRBAERESE: FI) 2fn)r " GTATA

L il <o
WA, FF5I x[n] B Z BHREFFE
« Z THREWEEDE: SRS xn] 0 Z T]MEEN : WATEENE
&, A x[n] B Z THRA WS
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Z FH5 DTFT &k

X[ B3 B Fx[n]r " HE XY ETFD

0 FYIH Z THREE =>DTFT TH—EFE?

0 FFIH DTFT TMFEHE =7 TR—EFE?
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Z FH5 DTFT &k

x[n]ZBXSRIFN x[n]r " HEXT AT A

0 FHH Z THEE =DTFT Ti—EHFE? NO

x[n] = o"uln], a>1

® F58) DTFT TMRELE =Z T—EHFAE? NO

sin wn

x[n]

n
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Z Transform: examples

Example: x[n] = S[n],X(z) =1 and ROC=C=entire z-plane.

Example: x[n] = 8[n—k],X(z) =z a
k=0
ROC = C {0}, k>0
C—{eo}, k<O

Example: x[n] = {4,3,0,7}. X(z) =4z+3+ 7172,
ROC=C — {0} — {eo}.

NOTE: BIRKF% Z T ROC A z-F@E, ARESKIE
z7=0F 7 = o
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Z Transform: an example
BFE (AR) xn] =a"un] #I Z Tk

- —n - n_—n 1 -
X(Z): Z Ot"/.L[n]z :Z(XZ :ﬁ, ‘aZ 1|<1
n=-—oo n=0 z
R B SR ROC H: [2] > |«

ROC of X(2)

Im{z}
I Refa)

|z[ > |et]
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ROC M4 1
Z- TSI (ROC) BEZ—NERRIIK IR,

OSRgfgrSRng < oo

Im{z}

ROC
2\ 2 e}

N/

3
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Why an Annulus?

s Let z=rel®
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ROC BT

ROC HY4 R 2
LA N4FE x[n] B Z THESUSE S B BENKE, FH xn (8
B 2 a2 4 U SR o

o] > 1 la| <1

Im{z}

e

2 > et

Im{z}

2| > |af

ARAEIRIE, 2018 7

CHEFESAEY



ZinF5 (FEER) ynl=—-o"u[-n—1] #J Z THe:

Y(Z): Z 7(xnu[ n—l _ Z an —nziza—mzm
n=—ce n=-—o m=1
—1
a 'z 1

l—alz 1—az7V’
SR H S ROC A 2| < |
ROC of Y(2)

Im{z}

ARNE)
1/

o] <let|
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ROC HITESR 3
SR Fr lx[n] BOY SRR PUR R 9 O BE S b I B AR SR A [ 1A
SMNNET B X, EESRFFx(n] SR AARR AR OIS ERR O R
B HR S A B AR R BT A X 3.
ROC of X(z) ROC of Y(z)
Im{z} Im{z}

(IR N Rl
]/ N

|z > |ex] 2| <laf
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I sgi ROC HEE M
WATENFS, 2 BHOERTE—

x[n] =" un] «— X(z) = :

e
ol = —alon—1] =V (0) =
ROC of X(z) ROC of Y(z)

Im{z} Im{z}

(IR (TN kel
N N

o > |ex| 2| <laf

ARAEIRIE, 2018 7 CHEFESAEY



XBFFF h[n] = x[n] +y[n] = " pln] — B"u[—n—1] B9 Z Fifk:
1 1 2—(a+p)!

H(iz)=X(z)+Y(z)

T 1 az! + 1-Bz7! (1—az 1)(1-Bz 1Y)
F 5 hln] B9 Z % ROC=ROC,NROC,.
loe| <[B] o] > [B]

Im{z} Im{z}
ROC: @

a2 W}Re{z}
\SE/ ST
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SRAFF <l E’J 2 B SRR
o FRH:;
o SkA, B Z EHRHE.

ROC HY£JR 5

ARSI x[n] B Z BRI A ENEFH.

Ny
x[n],Ny <n< N +— X(z) = Z x[n]z7" < oo
n=N1
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Outline

z-Transform

m Property of z-Transform




Linearity

= Linearity:

gln] +— G(z), ROC: R,
hln] +— H(z), ROC: R,

og[n]+Bh[n] «— aG(z) + BH(z), ROC: R;NR,
= Example: causal sinusoid

x[n] = cos(@won + ¢ )uln]

= Formula X(z): according to Euler’s identity

el Le= i

X(z) = — ——
l—ei®z=1 " 1 —ejnz1

_ cosp—z ! cos(wy —¢)

T 1—2z"'cosmy+2z2

= ROC: 7] <1
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Time Shifting

= Time-shifting:
gln—ng]l +—z"G(z), ROC: R, except possibly z=0 or
= Proof:
gln—nol+— ). glr—nolz™"

n=-—oo

o

= ¥ gli—nols " =27G()

n=—oo

= NOTE: That's why z~! represent 1 sample delay.
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Time Reversal

= Time reversal:
g[-n]+—G(1/z), ROC: 1/R,

= Proof:

glonl e ¥ gl

n=—oo

= ; gl=n)(z") """ =G(1/2)
= ROC: if ROC of G(z) is {r1 <|z| < r2}, then the ROC of G(1/z) is
{1/r <zl <1/r2}
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Conjugation

= Conjugation:

= Proof:

Il

o
*

S
—~~
—

2~
*
~—
N
~—
*

—( Y glnl) )
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Differentiation in z-domain

= Conjugation:
Za’G(Z)

— —
ng[n] Fa

ROC: R, except possibly z=0 or o

= Proof:

dG(z) dY, _.gnjz™"
dz dz
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Differentiation in z-domain: example

= Unit ramp signal
x[n] = nuln

= Since the transform of u[n]

U(z):1 —» ROC: [z >1
-z

= Using differentiation property

d _ 2 —1
X(z):fzd—ZU(z)=fz(1 _ZZ—1)2 = (1_ZZ_1)2

= ROC: z] > 1
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Convolution

= Convolution:
g[n]®hln] «— G(z)H(z)

= Proof:

gln|®hn i < i g[k}h[nk}) z "

n=—o00 \ k=—o0

= i g[k]( i h[n—k]z_n>

k=—o0 n=-—oo

=

=Y glkz *H(z)

k=—oo
=G(z9)H(z)

= ROC: contains at least as much of the z-plane as the intersection
ReNRy,

ARAEIRIE, 2018 7 CHEFESAEY



Convolution: example

= Consider
x[n] = u[n] *u[n— 1] = nu[n]

= Z transform of g[n] = u[n— 1] (time shift)

Gr)=z'U(x) = < —
l-z
= Z transform of x[n] (convolution)
1 7! 7!
X(z) = . =
(Z) 17271 1—z1 (17271)2

= ROC: ROC for both u[n] and ufn—1] is {|z| > 1}.
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Convolution: example

= Consider input x[n] = u[n — 2] into the system with
h[n] = 8[n] — 8[n — 1], then the output is y[n] = x[n] x h[n]

= The corresponding z-transform

I
1-z71
H(z)=1-z"!, ROC:z#0

Y(z) =X(z2)H(z) =z > ROC: C—{0}

X(z) = ROC: |z] > 1

= NOTE: ROC after conv. is “bigger” than intersection of R, and
R
= What is y[n]? y[n] =6[n—2].

ARAEIRIE, 2018 7 CHEFESAEY



Correlation

= Correlation:

= Remind that
raypll] = x[1] * y[—]

= ROC: contains at least as much of the z-plane as the intersection
ROC of X(z) with the ROC of Y (z ).
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gnlh*[n] +— L% G(V)H*(z*/v*)v 'dv, ROC: R,R;
2nj Jc

Proof:

g[n|h*[n] +— i glnh*n)z " = ! - Z (%C.G(v)v"ldv) h[n)lz7™"

oo 2nj =

1 o ok —ny,n—
- %fCG(v) (kzwh [n]z™"v 1) dv
- %f ( Z h*[n)(z/v) ") vldv

k=—o0

- HjféG(v)H*(z*/v*)\Fldv
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Parseval's EIF

1 * * —1 .
Y gln zn]]{G(v)H (1/v*)v-ldv, ROC: R R,

n——oo

MRS BIERNE, AL v=e/

Y slililil = 5= [ G (e)do,

n=—oo

5 DTFT f4 Parseval EIE—F.
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BT : IERFIIHNRER

] (EEFF SRR R)

TWEFF x[n] = «"un],0 < o < 1 HIBEE

TRE Parseval EIE,

E Kl = 5 XX e s = EiRes(X X ()2 20)

n=—oo

FF5 x[n] YOS 2] > o BBZEBNME, BATRSHEZ C ATLUERNER.
TEHUFFIM Z TiRA

- - -1 b . \
X(z) = T = X)Xz = o)’ HizZ c HHREA
WA z=a, BABEITEERA

TR (X ) 20} = g ke = T2
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MA Z TR L MER

KERN L+1 HFY {x[1]},0<n<L, H Z T#HH
X(z) =x[0] +x[1)z ' +x[2]z 2 + ... +x[L]z*
KER M+1HFF {hn]},0<n<M, 2 Z TiH
H(z) = x[0] +x[1]z " +x2]z 2 + ... +x[M]z M
Z i 3efA:
Y(2) = X(2)H(2) =y[0] +y[1]z ' +y[2lz > +... +y[L+ Mz EM)
Z THRENTERE:

y[n] = x[n]| @ hln] «— Y (z) = X(2)H(z)
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Bl¥: ZIzUAFRITTELMEER

5 (ZIMMERITEZLEETR)
TWEFF x[n] = {-2,0,1,—1,3} FFF hln] = {1,2, -1} L MHEER
y[n] = x[n] @ hln] o

X(z)=-2+4z7-274+3z*  H@)=1+2-1-2"
W& Y(2) =X(2)H(2):

Y(z)=—2—4z ' 4324734775376

y[l’l] = {_25 _4735 1a0a7a_3}
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MA 7 T E R ESH

= BMKER N BFF xn] A A
- EAER:

yeln] = x[n|Qh[n] = mez IN]

m=0
- HMEER:
2N—-1
yi[n] = x[n] @ hin] = Z x[m]hln—m]
m=0
- TEXAR:
n N-1
Z x[mlh[(n—m)y) =Y x[mlhln—m]+ Y x[m]hln+N —m]
m=0 m=n+1
n—m<0,if m>n n+N—m>N—1,if m<n+1
2N—-1 2N—-1
=Y xlmlhln—m]+ Y x[m]h[n+N —m]
m=0 m=0
=yL[n] +yL[n+N]
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MA Z THRITEREESR

N—1
= Z yelnlz ™"

72 ye[n]+yr[n+N])z™"

2N-2

2)= Y, wlnz™"
n=0
Ye(z) = (Ye(2)) vy
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Bl¥: FH 7 TEITEEBEER

5 (FIF Z T EEBEER)
KER 4 IFEDNFT xn] = {1,2,3,4} F hln] = {-1,1,0,3} HEEE
M yc([n] = x[n]Oh[n]

0 LMER:
ye[n] =x[n]®h[n) ={-1,—1,—1,2,10,9,12}

o BAEMR
yC[”] :yL[n] +yL[n‘F]V] = {9783 1172}
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Outline

z-Transform

m Rational z-Transform
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LTIl: Constant-Coefficient Difference Equation

LTI system can be described via CCDE:

N M
Y diyin—11=Y pix[n—1]
=0 =0

ARAEIRIE, 2018 7 CHEFESAEY



LTIl: Constant-Coefficient Difference Equation

LTI system can be described via CCDE:

N M
Y diyin—11=Y pix[n—1]
=0 =0

applying z-transform both sides

N M
Y)Y dz'=X(2) Y piz!
[=0 =0
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LTIl: Constant-Coefficient Difference Equation

LTI system can be described via CCDE:

N M
Y diyin—11=Y pix[n—1]
=0 =0

applying z-transform both sides

N M
Y)Y dz'=X(2) Y piz!
[=0 =0

transfer function

1
PR (O
X(2) Y diz!

=0
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LTIl: Constant-Coefficient Difference Equation

LTI system can be described via CCDE:

N M
Y diyin—11=Y pix[n—1]
=0 =0

applying z-transform both sides

N M
Y)Y dz'=X(2) Y piz!
[=0 =0

transfer function

-l
iy =Y _ 5"
X(2) )A:] diz!

=0

normally, H(z) are rational functions of 7!

ARAEIRIE, 2018 7 CHEFESAEY



Rational z-transforms

g
piz
_1=0
H(z)=———
Z d[Zil
1=0
alternative representation as rational functions of z
LV
IZOPIZ -
— WN-M)=0
H(z)=z ¥
Z dlZNfl
=0

or factorized version

ARAEIRIE, 2018 7 CHEFESAEY



Zeros and Poles

M M
Po [1(1*81171) poIl(z—&)
do TT(1—Az7 1) do [T (z—4)

=1 =1

Zeros: roots z = & of the numerator polynomial, when H(z) = 0.
Poles: roots z = 4; of the denominator polynomial, when H(z) — oo.

= if N> M, there are additional N —M zeros at z=0
= if N <M, there are additional M — N poles at z=10
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Example: M=N

1-2.477142.88772
H(z) = 1 )
1-0.827140.64z
Zeros: z=124j1.2, Poles: 7 =0.4=+ j0.6928

201og;o(|H (2)])

CHEFESAE
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Example: M>N

1—2.4z77!
H =
©) = T 08 T 10642
Zeros: z € {2.4,0}, Poles: z= 0.4+ j0.6928

|

20

Z
ARAEIRIE, 2018 7 CHEFESAE



Example: M<N

1-2.47142.887272
H(z) = 1-087 !

Zeros: z=1.2+j1.2, Poles: z € {0.8,0}

\\%?t\“x“
N
0’:‘::\;

201og;(|H(2)])

CHEFESAE
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z-domain

The z-transform

1
uz) = —, forfzg|>1
11—z
has a zero at z=0 and a pole at z=1
Im{z}
ROC: [z] > 1

\ Refz)
/

dh
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WUHAN UNIVERSITY

z-domain

The z-transform

1
uz) = —, forfzg|>1
11—z
has a zero at z=0 and a pole at z=1
Im{z}
ROC: [z] > 1

o
N,

unit circle
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z-domain

The z-transform

1
uz) = —, forfzg|>1
1-z2

has a zero at z=0 and a pole at z=1

Im{z}

azeroatz=0 | ROC: [z]>1

NA
/‘ apoleatz=1

unit circle
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ROC, Poles and Causality

Z-transform of causal sequences

1

o uln] +—

with a pole at z= .

ARAEIRIE, 2018 7 CHEFESAEY



ROC, Poles and Causality

Z-transform of causal sequences

1

o +— ——— ROC: |z] > |&
uln] e T ROC: 2] > |t
with a pole at z= .
Z-transform of anti-causal sequences
—a"u[-n—1]+— b ROC: |z] < |¢t]
1—oz!

with a pole at z= .

ARAEIRIE, 2018 7 CHEFESAEY



ROC, Poles and Causality

= poles determines the boundary of ROC

= causality determines whether ROC is interior or exterior of the
boundary circle

Causal Anti-causal

Im{z} Im{z}

1\ Refz) /| } Re{z}
L 4

o] =1 o =1
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ROC, Poles and Causality

= poles determines the boundary of ROC

= causality determines whether ROC is interior or exterior of the
boundary circle

Causal Anti-causal

Im{z} Im{z}

N D
]/ \

lo| =15 o] =1.5
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Multiple poles: causal sequence

x[n] = (1o +r2 ") p[n — No]
two poles z=a and z =, |a| < |B]

Im{z}

ARAEIRIE, 2018 7 CHEFESAEY
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Multiple poles: causal sequence

x[n] = (1o +r2 ") p[n — No]
two poles z=a and z =, |a| < |B]

Im{z}
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Multiple poles: causal sequence

x[n] = (1o +r2 ") p[n — No]
two poles z=a and z =, |a| < |B]

Im{z}

L

ROC: |z > |B]
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Multiple poles: anti-causal sequence

x[n] = (na" +rB")u[—n— Nol
two poles z=a and z= 3, || < |B]

Im{z}

< Re{z}
“p
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Multiple poles: anti-causal sequence

x[n] = (na" +rB")u[—n— Nol
two poles z=a and z= 3, || < |B]

Im{z}

< Re{z}
“p
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Multiple poles: anti-causal sequence

x[n] = (na" +rB")u[—n— Nol
two poles z=a and z= 3, || < |B]

Im{z}

/ Re{z}

“B

ROC: |z] < |¢t]
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Multiple poles: two-sided sequence

x[n] = ra"u[—n—No| +r 8" t[n — No)
two poles z=a and z=, || < |B]

Im{z}

ARAEIRIE, 2018 7 CHEFESAEY



Multiple poles: two-sided sequence

x[n] = ra"u[—n—No| +r 8" t[n — No)
two poles z=a and z=, || < |B]

Im{z}
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Multiple poles: two-sided sequence

x[n] = ra"u[—n—No| +r 8" t[n — No)
two poles z=a and z=, || < |B]

Im{z}

(1) e
Nk

ROC: @
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Multiple poles: two-sided sequence

x[n] = o wn — Nol + 8" [—n — No|
two poles z=a and z =, |a| < |B]

Im{z}

ARAEIRIE, 2018 7 CHEFESAEY



i

WUHAN UNIVERSIT

Multiple poles: two-sided sequence

x[n] = o wn — Nol + 8" [—n — No|
two poles z=a and z =, |a| < |B]

Im{z}

ARAEIRIE, 2018 7 CHEFESAEY



Multiple poles: two-sided sequence

x[n] = o wn — Nol + 8" [—n — No|
two poles z=a and z =, |a| < |B]

Im{z}

AR
N

ROC: |a| < |z| <||B|

ARAEIRIE, 2018 7 CHEFESAEY



z-transform with Matlab

6(0) = 27 4+ 162 +447% + 567+ 32
VT BR3P 152+ 18— 12

= find the zeros and poles
= determine the ROC
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Zeros and Poles with Matlab

tf2zp(num,den)

Transfer function to zero-pole conversion.
= num: numerator of transfer function

= den: denominator of transfer function

ARAEIRIE, 2018 7 CHEFESAEY
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Zeros and Poles with Matlab

zplane(num,den)

15

0a

W W F T [}. .......... "X'

0.5

Imaginary Part
=

-15

-2 -1 a 1
Real Part

ARAEIRIE, 2018 7
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Im{z}

/ 3 Re{z}
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Im{z}

Re{z}
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Im{z}

ol ol Y Re{z)
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Im{z}

N Re{z}

ARAEIRIE, 2018 7
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Im{z}

Re{z}

0

0
Ty
N
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Outline

z-Transform

m Inverse z-Tranform
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Z i

W Z T
_ 1
- 2r;j

x[n] fc Xz, C RSP TR A B
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=3

5 x[n) M Z B X(2) = Y x[n)", FBsEL

n=—o0

an _anz

[=—oc0

BEREAA L C FREHRRA
?éX(z)z"*'dz—j{ el Z 7 ldz = i x[1] y{ 7z = 27 jix[n]
—_—

|=—oco = JC
=27j6[n—I]

RE AR ARAEIRIE, 2018 7 CHEFESAEY
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