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Outline

1 数字滤波器的结构及框图表示方法

2 FIR 数字滤波器的结构
基本结构：直接型、级联型、并联型
线性相位结构
抽头延迟器

3 IIR 数字滤波器的结构

4 全通滤波器结构
基于乘法器提取法的实现
基于二端口网络提取法的实现

5 级联格型结构
IIR 级联格型结构
FIR 级联格型结构

6 可调谐 IIR 数字滤波器

7 数字滤波器的实现
实现复杂度
乘法器量化
灵敏度
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实际系统中实现 IIR 滤波器

F 二阶 IIR 数字滤波器框图

F 乘法器系数的量化误差：

b̂n = bn +∆bn, ân = an +∆an

F 量化误差对滤波器的频率响应会产生影响，不同结构的滤波器影响不同。
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两种不同的 IIR 滤波器结构实现形式

4
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Cascade Form IIR Digital Cascade Form IIR Digital 
Filter StructuresFilter Structures

• Example - Direct form II and cascade form
realizations of

are shown on the next slide
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Cascade Form IIR Digital Cascade Form IIR Digital 
Filter StructuresFilter Structures

Direct form II Cascade form

z 1_

+ + +

++
0.44 0.362 0.02

0.20.4_ 0.18_

z 1_z 1_
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z 1_
z 1_

+
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_ 0.8
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Parallel Form IIR Digital Filter Parallel Form IIR Digital Filter 
StructuresStructures

• A partial-fraction expansion of the transfer 
function in        leads to the parallel form I
structure

• Assuming simple poles, the transfer function
H(z) can be expressed as

• In the above for a real pole

∑ ⎟
⎠
⎞

⎜
⎝
⎛+= −−
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1−z
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Parallel Form IIR Digital Filter Parallel Form IIR Digital Filter 
StructuresStructures

• A direct partial-fraction expansion of the 
transfer function in z leads to the parallel 
form II structure

• Assuming simple poles, the transfer function
H(z) can be expressed as

• In the above for a real pole
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Parallel Form IIR Digital Filter Parallel Form IIR Digital Filter 
StructuresStructures

• The two basic parallel realizations of a 3rd-
order IIR transfer function are shown below

Parallel form I Parallel form II
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Parallel Form IIR Digital Filter Parallel Form IIR Digital Filter 
StructuresStructures

• Example - A partial-fraction expansion of

in       yields
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不同结构 IIR 滤波器的幅度谱

直接型 IIR 结构 级联型 IIR 结构
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数字滤波器的基本结构

F 直接型

F 级联型

F 并联型
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基本结构单元

F 基本结构单元：

2

7
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Block Diagram RepresentationBlock Diagram Representation
• For the implementation of an LTI digital 

filter, the input-output relationship must be 
described by a valid computational algorithm

• To illustrate what we mean by a 
computational algorithm, consider the causal 
first-order LTI digital filter shown below 

+

z
_1 z

_1

x[n] y[n]
p

0

p
1

d1
_

8
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Block Diagram RepresentationBlock Diagram Representation

• The filter is described by the difference 
equation

• Using the above equation we can compute
y[n] for          knowing the initial condition           

and the input x[n] for           :

]1[][]1[][ 101 −++−−= nxpnxpnydny

0≥n
1−≥n]1[−y

9
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Block Diagram RepresentationBlock Diagram Representation

• We can continue this calculation for any 
value of the time index n we desire

]1[]0[]1[]0[ 101 −++−−= xpxpydy
]0[]1[]0[]1[ 101 xpxpydy ++−=
]1[]2[]1[]2[ 101 xpxpydy ++−= ..

.

..

.

10
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Block Diagram RepresentationBlock Diagram Representation
• Each step of the calculation requires a 

knowledge of the previously calculated 
value of the output sample (delayed value of 
the output), the present value of the input 
sample, and the previous value of the input 
sample (delayed value of the input)

• As a result, the first-order difference 
equation can be interpreted as a valid 
computational algorithm

11
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Basic Building BlocksBasic Building Blocks
• The computational algorithm of an LTI 

digital filter can be conveniently 
represented in block diagram form using the 
basic building blocks shown below
x[n] y[n]

w[n]

+ A
x[n] y[n]

y[n]1−zx[n]

x[n] x[n]

x[n]

Adder

Unit delay

Multiplier

Pick-off node 12
Copyright © 2010, S. K. Mitra

Basic Building BlocksBasic Building Blocks

Advantages of block diagram representation
• (1) Easy to write down the computational 

algorithm by inspection
• (2) Easy to analyze the block diagram to 

determine the explicit relation between the 
output and input
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框图表示

F 框图法来表示数字滤波器有这样几种好处：
• 通过观察法很容易的写出计算算法
• 通过分析框图可以很容易的确定输出和输入之间的关系
• 可以很容易的通过调整某个框图得到产生不同计算算法的『等效』框图
• 很容易确定硬件的需求
• 利于从传输函数所生成的框图表示来直接得到多种『等效』表示

y[n] =−d1y[n−1]+p0x[n]+p1x[n−1]

2

7
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Block Diagram RepresentationBlock Diagram Representation
• For the implementation of an LTI digital 

filter, the input-output relationship must be 
described by a valid computational algorithm

• To illustrate what we mean by a 
computational algorithm, consider the causal 
first-order LTI digital filter shown below 
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• Using the above equation we can compute
y[n] for          knowing the initial condition           

and the input x[n] for           :

]1[][]1[][ 101 −++−−= nxpnxpnydny

0≥n
1−≥n]1[−y

9
Copyright © 2010, S. K. Mitra

Block Diagram RepresentationBlock Diagram Representation

• We can continue this calculation for any 
value of the time index n we desire
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Block Diagram RepresentationBlock Diagram Representation
• Each step of the calculation requires a 

knowledge of the previously calculated 
value of the output sample (delayed value of 
the output), the present value of the input 
sample, and the previous value of the input 
sample (delayed value of the input)

• As a result, the first-order difference 
equation can be interpreted as a valid 
computational algorithm
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Basic Building BlocksBasic Building Blocks
• The computational algorithm of an LTI 

digital filter can be conveniently 
represented in block diagram form using the 
basic building blocks shown below
x[n] y[n]
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y[n]1−zx[n]

x[n] x[n]

x[n]

Adder

Unit delay

Multiplier

Pick-off node 12
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Basic Building BlocksBasic Building Blocks

Advantages of block diagram representation
• (1) Easy to write down the computational 

algorithm by inspection
• (2) Easy to analyze the block diagram to 

determine the explicit relation between the 
output and input
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框图的分析方法

框图 ⇒ 输入输出关系

如何根据框图分析系统/滤波器的输入输出关系：
1 对每一个加法器的输出设置一个内部变量

2 写出加法器输入输出关系，生成一组方程

3 消除方程组中的内部变量，即可得到滤波器输入-输出关系
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例子

分析下图中所示的级联格型数字滤波器结构。

3

13
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Basic Building BlocksBasic Building Blocks

• (3) Easy to manipulate a block diagram to 
derive other “equivalent” block diagrams 
yielding different computational algorithms

• (4) Easy to determine the hardware 
requirements

• (5) Easier to develop block diagram 
representations from the transfer function 
directly

14
Copyright © 2010, S. K. Mitra

Analysis of Block DiagramsAnalysis of Block Diagrams
• Carried out by writing down the expressions 

for the output signals of each adder as a sum 
of its input signals, and developing a set of 
equations relating the filter input and output 
signals in terms of all internal signals

• Eliminating the unwanted internal variables 
then results in the expression for the output 
signal as a function of the input signal and 
the filter parameters that are the multiplier 
coefficients

15
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Analysis of Block DiagramsAnalysis of Block Diagrams

• Example - Analyze the cascaded lattice 
structure shown below where the z-
dependence of signal variables are not 
shown for brevity

+

z
_1

+

++ z
_1

_ α _ δ
β ε

γ

1W
2W

3W2S 1S

X

Y

16
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Analysis of Block DiagramsAnalysis of Block Diagrams

• The output signals of the four adders are 
given by

• From the figure we observe

21 SXW α−=
112 SWW δ−=

213 WSW ε+=

21 SWY γ+β=

3
1

2 WzS −=
2

1
1 WzS −=

17
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Analysis of Block DiagramsAnalysis of Block Diagrams
• Substituting the last two relations in the first 

four equations we get

• From the second equation we get                
and from the third 

equation we get

3
1

1 WzXW −α−=
2

1
12 WzWW −δ−=

22
1

3 WWzW ε+= −

3
1

1 WzWY −γ+β=

)1/( 1
12

−δ+= zWW
2

1
3 )( WzW −+ε=

18
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Analysis of Block DiagramsAnalysis of Block Diagrams

• Combining the last two equations we get

• Substituting the above equation in

we finally arrive at

113 1

1
WW

z
z
−

−

δ+
+ε=

,3
1

1 WzXW −α−= 3
1

1 WzWY −γ+β=

21

21

)(1
)()( −−

−−

α+αε+δ+
γ+γε+βδ+β==
zz
zz

X
YzH

余磊 副教授 本科生课程，2018 秋 《数字信号处理》 10 / 113



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

例子

• 每个加法器的输入输出关系为

W1 = X−αS2

= X−αz−1W3

W2 = W1−δS1

= W1−δz−1W2

W3 = S1 + εS2

= z−1W2 + εz−1W3

Y = βW1 + γS2

= βW1 + γz−1W3

• 另外，从图中可以看出
S2 = z−1W3 S1 = z−1W2

• 根据方程组求内部变量的关系

W2 = W1/(1+δz−1)
W3 = (ε + z−1)W2

}
⇒W3 =

ε + z−1

1+δz−1 W1

3

13
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Basic Building BlocksBasic Building Blocks

• (3) Easy to manipulate a block diagram to 
derive other “equivalent” block diagrams 
yielding different computational algorithms

• (4) Easy to determine the hardware 
requirements

• (5) Easier to develop block diagram 
representations from the transfer function 
directly

14
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Analysis of Block DiagramsAnalysis of Block Diagrams
• Carried out by writing down the expressions 

for the output signals of each adder as a sum 
of its input signals, and developing a set of 
equations relating the filter input and output 
signals in terms of all internal signals

• Eliminating the unwanted internal variables 
then results in the expression for the output 
signal as a function of the input signal and 
the filter parameters that are the multiplier 
coefficients
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Analysis of Block DiagramsAnalysis of Block Diagrams

• Example - Analyze the cascaded lattice 
structure shown below where the z-
dependence of signal variables are not 
shown for brevity
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Analysis of Block DiagramsAnalysis of Block Diagrams
• Substituting the last two relations in the first 

four equations we get

• From the second equation we get                
and from the third 

equation we get
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Analysis of Block DiagramsAnalysis of Block Diagrams

• Combining the last two equations we get

• Substituting the above equation in

we finally arrive at
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例子
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yielding different computational algorithms
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representations from the transfer function 
directly
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• Carried out by writing down the expressions 
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of its input signals, and developing a set of 
equations relating the filter input and output 
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• Eliminating the unwanted internal variables 
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• Combining the last two equations we get

• Substituting the above equation in
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• 根据方程组求内部变量的关系

W2 = W1/(1+δz−1)
W3 = (ε + z−1)W2

}
⇒W3 =

ε + z−1

1+δz−1 W1

3
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Basic Building BlocksBasic Building Blocks

• (3) Easy to manipulate a block diagram to 
derive other “equivalent” block diagrams 
yielding different computational algorithms

• (4) Easy to determine the hardware 
requirements

• (5) Easier to develop block diagram 
representations from the transfer function 
directly
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Analysis of Block DiagramsAnalysis of Block Diagrams
• Carried out by writing down the expressions 

for the output signals of each adder as a sum 
of its input signals, and developing a set of 
equations relating the filter input and output 
signals in terms of all internal signals

• Eliminating the unwanted internal variables 
then results in the expression for the output 
signal as a function of the input signal and 
the filter parameters that are the multiplier 
coefficients
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Analysis of Block DiagramsAnalysis of Block Diagrams

• Example - Analyze the cascaded lattice 
structure shown below where the z-
dependence of signal variables are not 
shown for brevity
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Analysis of Block DiagramsAnalysis of Block Diagrams

• The output signals of the four adders are 
given by

• From the figure we observe

21 SXW α−=
112 SWW δ−=

213 WSW ε+=

21 SWY γ+β=

3
1

2 WzS −=
2

1
1 WzS −=

17
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Analysis of Block DiagramsAnalysis of Block Diagrams
• Substituting the last two relations in the first 

four equations we get

• From the second equation we get                
and from the third 

equation we get

3
1

1 WzXW −α−=
2

1
12 WzWW −δ−=

22
1

3 WWzW ε+= −

3
1

1 WzWY −γ+β=

)1/( 1
12

−δ+= zWW
2

1
3 )( WzW −+ε=

18
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Analysis of Block DiagramsAnalysis of Block Diagrams

• Combining the last two equations we get

• Substituting the above equation in

we finally arrive at

113 1

1
WW

z
z
−

−

δ+
+ε=

,3
1

1 WzXW −α−= 3
1

1 WzWY −γ+β=

21

21

)(1
)()( −−

−−

α+αε+δ+
γ+γε+βδ+β==
zz
zz

X
YzH
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Analysis of Block DiagramsAnalysis of Block Diagrams

• Combining the last two equations we get

• Substituting the above equation in

we finally arrive at
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WW

z
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−
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1 WzWY −γ+β=
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21

)(1
)()( −−

−−
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W2 = W1−δS1 = W1−δz−1W2

W3 = S1 + γS2 = z−1W2 + γz−1W3
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Analysis of Block DiagramsAnalysis of Block Diagrams
• Substituting the last two relations in the first 
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• From the second equation we get                
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Analysis of Block DiagramsAnalysis of Block Diagrams

• Combining the last two equations we get

• Substituting the above equation in

we finally arrive at

113 1

1
WW

z
z
−

−

δ+
+ε=

,3
1

1 WzXW −α−= 3
1

1 WzWY −γ+β=

21

21

)(1
)()( −−

−−

α+αε+δ+
γ+γε+βδ+β==
zz
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X
YzH

W2 = W1−δS1 = W1−δz−1W2

W3 = S1 + γS2 = z−1W2 + γz−1W3

Finally, we have: H(z) = Y
X =

β +(βδ + γε)z−1 + γz−2

1+(δ +αε)z−1 +αz−2
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无延迟回路问题

框图表示中必须排除无延时回路的情况: 滤波器的输出 y[n] 与当前的输出 y[n] 有关 ⇒
物理不可实现

4

19
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The DelayThe Delay--Free Loop ProblemFree Loop Problem
• For physical realizability of the digital filter 

structure, it is necessary that the block 
diagram representation contains no delay-
free loops

• To illustrate the delay-free loop problem 
consider the structure below

+

+

w[n]

y[n]

u[n]

v[n]

A

B

20
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The DelayThe Delay--Free Loop ProblemFree Loop Problem
• Analysis of this structure yields

which when combined results in

• The determination of the current 
value of y[n] requires the knowledge of the 
same value

][][][ nynwnu +=
])[][(][ nAunvBny +=

( )])[][(][][ nynwAnvBny ++=

21
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The DelayThe Delay--Free Loop ProblemFree Loop Problem
• However, this is physically impossible to 

achieve due to the finite time required to 
carry out all arithmetic operations on a 
digital machine

• Method exists to detect the presence of 
delay-free loops in an arbitrary structure, 
along with methods to locate and remove 
these loops without the overall input-output 
relation

22
Copyright © 2010, S. K. Mitra

The DelayThe Delay--Free Loop ProblemFree Loop Problem
• Removal achieved by replacing the portion 

of the overall structure containing the delay-
free loops by an equivalent realization with 
no delay-free loops

• To  illustrate the process, consider the two 
equations characterizing the structure of 
Slide No. 21:

][][][ nynwnu +=
])[][(][ nAunvBny +=

23
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The DelayThe Delay--Free Loop ProblemFree Loop Problem
• Substituting the second equation into the 

first we arrive at

• Solving the above we get

• From the first equation we have

][][][][ nABunBvnwnu ++=

])[][(
1

1][ nBvnw
AB

nu +−=

][][][ nwnuny −=
24
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The DelayThe Delay--Free Loop ProblemFree Loop Problem

• A delay-free loop realization based on the 
above two equations is shown below

])[][(
1

1][ nBvnw
AB

nu +−=
][][][ nwnuny −=

+

+

w[n]

y[n]

u[n]

v[n]

B

1
1   AB_
_____

1_

y[n] = B(v[n]+A(w[n]+ y[n] ))
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无延迟回路问题

无延时回路结构 ⇐⇒ 没有无延时回路结构

4
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The DelayThe Delay--Free Loop ProblemFree Loop Problem

• A delay-free loop realization based on the 
above two equations is shown below
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The DelayThe Delay--Free Loop ProblemFree Loop Problem

• A delay-free loop realization based on the 
above two equations is shown below

])[][(
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1][ nBvnw
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][][][ nwnuny −=

+

+

w[n]

y[n]

u[n]

v[n]

B

1
1   AB_
_____

1_

从左边框图可以得到

u[n] = w[n]+y[n] y[n] = B(v[n]+Au[n])

=⇒
y[n] = u[n]−w[n]

u[n] = 1
1−AB (w[n]+Bv[n])
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典范和非典范结构

F 典范结构（Canonic structure）： 框图中延迟器的数量等于差分方程的阶数（即传
输函数的阶数）

F 非典范结构（Non canonic structure）： 框图中延迟器的数量不等于差分方程的阶
数（即传输函数的阶数）

2

7
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Block Diagram RepresentationBlock Diagram Representation
• For the implementation of an LTI digital 

filter, the input-output relationship must be 
described by a valid computational algorithm

• To illustrate what we mean by a 
computational algorithm, consider the causal 
first-order LTI digital filter shown below 

+

z
_1 z

_1

x[n] y[n]
p
0

p
1

d1
_

8
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Block Diagram RepresentationBlock Diagram Representation

• The filter is described by the difference 
equation

• Using the above equation we can compute
y[n] for          knowing the initial condition           

and the input x[n] for           :

]1[][]1[][ 101 −++−−= nxpnxpnydny

0≥n
1−≥n]1[−y

9
Copyright © 2010, S. K. Mitra

Block Diagram RepresentationBlock Diagram Representation

• We can continue this calculation for any 
value of the time index n we desire

]1[]0[]1[]0[ 101 −++−−= xpxpydy
]0[]1[]0[]1[ 101 xpxpydy ++−=
]1[]2[]1[]2[ 101 xpxpydy ++−= ..

.

..

.

10
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Block Diagram RepresentationBlock Diagram Representation
• Each step of the calculation requires a 

knowledge of the previously calculated 
value of the output sample (delayed value of 
the output), the present value of the input 
sample, and the previous value of the input 
sample (delayed value of the input)

• As a result, the first-order difference 
equation can be interpreted as a valid 
computational algorithm

11
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Basic Building BlocksBasic Building Blocks
• The computational algorithm of an LTI 

digital filter can be conveniently 
represented in block diagram form using the 
basic building blocks shown below
x[n] y[n]

w[n]

+ A
x[n] y[n]

y[n]1−zx[n]

x[n] x[n]

x[n]

Adder

Unit delay

Multiplier

Pick-off node 12
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Basic Building BlocksBasic Building Blocks

Advantages of block diagram representation
• (1) Easy to write down the computational 

algorithm by inspection
• (2) Easy to analyze the block diagram to 

determine the explicit relation between the 
output and input

y[n] =−d1y[n−1]+p0x[n]+p1x[n−1] (差分方程阶数为 1)
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典范和非典范结构

F 典范结构（Canonic structure）： 框图中延迟器的数量等于差分方程的阶数（即传
输函数的阶数）

F 非典范结构（Non canonic structure）： 框图中延迟器的数量不等于差分方程的阶
数（即传输函数的阶数）

2
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Block Diagram RepresentationBlock Diagram Representation
• For the implementation of an LTI digital 

filter, the input-output relationship must be 
described by a valid computational algorithm

• To illustrate what we mean by a 
computational algorithm, consider the causal 
first-order LTI digital filter shown below 

+

z
_1 z

_1

x[n] y[n]
p
0

p
1

d1
_
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Block Diagram RepresentationBlock Diagram Representation

• The filter is described by the difference 
equation

• Using the above equation we can compute
y[n] for          knowing the initial condition           

and the input x[n] for           :

]1[][]1[][ 101 −++−−= nxpnxpnydny

0≥n
1−≥n]1[−y
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Block Diagram RepresentationBlock Diagram Representation

• We can continue this calculation for any 
value of the time index n we desire

]1[]0[]1[]0[ 101 −++−−= xpxpydy
]0[]1[]0[]1[ 101 xpxpydy ++−=
]1[]2[]1[]2[ 101 xpxpydy ++−= ..

.

..

.
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Block Diagram RepresentationBlock Diagram Representation
• Each step of the calculation requires a 

knowledge of the previously calculated 
value of the output sample (delayed value of 
the output), the present value of the input 
sample, and the previous value of the input 
sample (delayed value of the input)

• As a result, the first-order difference 
equation can be interpreted as a valid 
computational algorithm
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Basic Building BlocksBasic Building Blocks
• The computational algorithm of an LTI 

digital filter can be conveniently 
represented in block diagram form using the 
basic building blocks shown below
x[n] y[n]
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x[n] y[n]

y[n]1−zx[n]

x[n] x[n]

x[n]

Adder

Unit delay

Multiplier

Pick-off node 12
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Basic Building BlocksBasic Building Blocks

Advantages of block diagram representation
• (1) Easy to write down the computational 

algorithm by inspection
• (2) Easy to analyze the block diagram to 

determine the explicit relation between the 
output and input

y[n] =−d1y[n−1]+p0x[n]+p1x[n−1] (差分方程阶数为 1)

框图延迟器个数为 2
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• Each step of the calculation requires a 

knowledge of the previously calculated 
value of the output sample (delayed value of 
the output), the present value of the input 
sample, and the previous value of the input 
sample (delayed value of the input)

• As a result, the first-order difference 
equation can be interpreted as a valid 
computational algorithm
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Basic Building BlocksBasic Building Blocks

Advantages of block diagram representation
• (1) Easy to write down the computational 

algorithm by inspection
• (2) Easy to analyze the block diagram to 

determine the explicit relation between the 
output and input

y[n] =−d1y[n−1]+p0x[n]+p1x[n−1] (差分方程阶数为 1)

框图延迟器个数为 2
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Block Diagram RepresentationBlock Diagram Representation
• Each step of the calculation requires a 

knowledge of the previously calculated 
value of the output sample (delayed value of 
the output), the present value of the input 
sample, and the previous value of the input 
sample (delayed value of the input)

• As a result, the first-order difference 
equation can be interpreted as a valid 
computational algorithm
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Basic Building BlocksBasic Building Blocks
• The computational algorithm of an LTI 

digital filter can be conveniently 
represented in block diagram form using the 
basic building blocks shown below
x[n] y[n]
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x[n] y[n]

y[n]1−zx[n]

x[n] x[n]

x[n]

Adder

Unit delay

Multiplier

Pick-off node 12
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Basic Building BlocksBasic Building Blocks

Advantages of block diagram representation
• (1) Easy to write down the computational 

algorithm by inspection
• (2) Easy to analyze the block diagram to 

determine the explicit relation between the 
output and input

y[n] =−d1y[n−1]+p0x[n]+p1x[n−1] (差分方程阶数为 1)

框图延迟器个数为 2

故该框图为非典范结构
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等效结构

等效结构（Equivalent structure）： 有着相同的传输函数的两个不同结构的滤波器称为
等效结构. 例如：
交换律：H = AB = BA

A B ⇐⇒ B A

结合律：AB+CB = (A+C)B

A(z)B(z)

C(z)B(z)

⇐⇒

A(z)

B(z)

C(z)

NOTE: which one is better?
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转置等效结构

F 转置等效结构的实现途径：
1 倒转所有路径
2 节点 ←→ 加法器
3 输入 ←→ 输出

5

25
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Canonic and Canonic and NoncanonicNoncanonic
StructuresStructures

• A digital filter structure is said to be
canonic if the number of delays in the block 
diagram representation is equal to the order 
of the transfer function

• Otherwise, it is a noncanonic structure

26
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Canonic and Canonic and NoncanonicNoncanonic
StructuresStructures

• The structure shown below is noncanonic as 
it employs two delays to realize a first-order 
difference equation

]1[][]1[][ 101 −++−−= nxpnxpnydny

+

z
_1 z

_1

x[n] y[n]
p

0

p
1

d1
_
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Equivalent StructuresEquivalent Structures

• Two digital filter structures are defined to 
be equivalent if they have the same transfer 
function

• We describe next a number of methods for 
the generation of equivalent structures

• However, a fairly simple way to generate an 
equivalent structure from a given realization 
is via the transpose operation

28
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Equivalent StructuresEquivalent Structures

Transpose Operation
• (1)  Reverse all paths
• (2) Replace pick-off nodes by adders, and 

vice versa
• (3) Interchange the input and output nodes

29
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Equivalent StructuresEquivalent Structures

• Example – The transpose operation is 
illustrated below

z 1_

z 1_

+

+

+
_ k1

k2
k2

_

2γ

X(z)

Y(z)

1γ

+

z 1_

z 1_

+

++

_ k1 k2
k2

_

1γ
2γ

X(z)

Y(z)

Original structure Transposed structure

Transpose

30
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Equivalent StructuresEquivalent Structures
• Redrawn transposed structure is shown 

below

• All other methods for developing equivalent 
structures are based on a specific algorithm 
for each structure

z 1_

z 1_

+

+ +

_ k1k2
k2

_

1γ
2γ

X(z)

Y(z)

F NOTES:
• 同一个传输函数可能对应无限种滤波器结构
• 在无限精度运算 条件下，这些不同的滤波器结构是完全等效的
• 在有限精度运算 条件下，这些不同的滤波器结构可能完全不同
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Outline

1 数字滤波器的结构及框图表示方法

2 FIR 数字滤波器的结构
基本结构：直接型、级联型、并联型
线性相位结构
抽头延迟器

3 IIR 数字滤波器的结构

4 全通滤波器结构
基于乘法器提取法的实现
基于二端口网络提取法的实现

5 级联格型结构
IIR 级联格型结构
FIR 级联格型结构

6 可调谐 IIR 数字滤波器

7 数字滤波器的实现
实现复杂度
乘法器量化
灵敏度
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灵敏度
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回顾：FIR 数字滤波器

F 令 N 阶 FIR 滤波器的冲击响应为 h[n]，传输函数

H(z) =
N
∑
n=0

h[n]z−n

其时域输入输出关系为

y[n] =
N
∑
k=0

h[k]x[n−k]

F 基本结构：
1 直接型
2 级联型
3 多相（并联）实现
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FIR 数字滤波器的直接型结构

乘法器的系数正好是传输函数的系数，则称为直接型结构

1

1
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Basic FIR Digital Filter Basic FIR Digital Filter 
StructuresStructures

• A causal FIR filter of order N is characterized 
by a transfer function H(z) given by

which is a polynomial in
• In the time-domain the input-output relation 

of the above FIR filter is given by

∑ =
−= N

n
nznhzH 0 ][)(

1−z

∑ = −= N
k knxkhny 0 ][][][
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Direct Form FIR Digital Filter Direct Form FIR Digital Filter 
StructuresStructures

• An FIR filter of order N is characterized by     
N+1 coefficients and, in general, require 
N+1 multipliers and N two-input adders

• Structures in which the multiplier 
coefficients are precisely the coefficients of 
the transfer function are called direct form
structures

3
Copyright © 2010, S. K. Mitra

Direct Form FIR Digital Filter Direct Form FIR Digital Filter 
StructuresStructures

• A direct form realization of an FIR filter can 
be readily developed from the convolution 
sum description as indicated below for N = 4

z 1_
z 1_

z 1_
z 1_

+ +++

h[0] h[1] h[2] h[3] h[4]

x[n]

y[n]

x[n   1]_ x[n   2]_ x[n   3]_ x[n   4]_

4
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Direct Form FIR Digital Filter Direct Form FIR Digital Filter 
StructuresStructures

• An analysis of this structure yields

which is precisely of the form of the 
convolution sum description

• The direct form structure shown on the 
previous slide is also known as a
transversal filter

][][][][ 4433 −+−+ nxhnxh
][][][][][][][ 22110 −+−+= nxhnxhnxhny

][][][][ 4433 −+−+ nxhnxh

5
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Direct Form FIR Digital Filter Direct Form FIR Digital Filter 
StructuresStructures

• The transpose of the direct form structure 
shown earlier is indicated below

• Both direct form structures are canonic with 
respect to delays

x[n]

y[n]

h[4]

z–1 z–1 z–1 z–1

h[3] h[2] h[1] h[0]

6
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Cascade Form FIR Digital Cascade Form FIR Digital 
Filter StructuresFilter Structures

• A higher-order FIR transfer function can 
also be realized as a cascade of second-
order FIR sections and possibly a first-order 
section

• To this end we express H(z) as

where            if N is even, and               if N
is odd, with  

∏ =
−− ++= K

k kk zzhzH 1
2

2
1

110 )(][)( ββ

2
NK =

2
1+= NK

02 =Kβ

输入输出关系可以通过分析得到

y[n] = h[0]x[n]+h[1]x[n−1]+h[2]x[n−2]+h[3]x[n−3]+h[4]x[n−4]
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FIR 数字滤波器的直接型结构（转置等效）

通过转置操作可以得到前面直接型的等效结构

1

1
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StructuresStructures
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Direct Form FIR Digital Filter Direct Form FIR Digital Filter 
StructuresStructures
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Direct Form FIR Digital Filter Direct Form FIR Digital Filter 
StructuresStructures

• The transpose of the direct form structure 
shown earlier is indicated below

• Both direct form structures are canonic with 
respect to delays
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h[4]
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h[3] h[2] h[1] h[0]
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Cascade Form FIR Digital Cascade Form FIR Digital 
Filter StructuresFilter Structures

• A higher-order FIR transfer function can 
also be realized as a cascade of second-
order FIR sections and possibly a first-order 
section

• To this end we express H(z) as

where            if N is even, and               if N
is odd, with  

∏ =
−− ++= K

k kk zzhzH 1
2

2
1

110 )(][)( ββ

2
NK =

2
1+= NK

02 =Kβ

可以发现，这两种直接型结构都是典范型的（延迟的个数与传输函数的阶数相同）
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FIR 数字滤波器的级联型结构

FIR 滤波器可以通过因式分解写成如下形式：

H(z) = h[0]
K
∏
k=1

(1+β1kz−1 +β2kz−2)

若 N 为偶数，则 K = N/2；若 N 为奇数，则 K = (N+1)/2，且 β2K = 0。
那么我们可以将 FIR 滤波器由 K 个级联的 FIR 滤波器来实现

2

7
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Cascade Form FIR Digital Cascade Form FIR Digital 
Filter StructuresFilter Structures

• A cascade realization for N = 6 is shown 
below

• Each second-order section in the above 
structure can also be realized in the 
transposed direct form

h[0]

z 1_

z 1_

+

+

z 1_

z 1_

+

+

z 1_

z 1_
+

+

11β

23β

13β12β

22β21β

x[n] y[n]

8
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PolyphasePolyphase FIR StructuresFIR Structures

• The polyphase decomposition of H(z) leads 
to a parallel form structure

• To illustrate this approach, consider a causal 
FIR transfer function H(z) with N = 8: 

4321 43210 −−−− ++++= zhzhzhzhhzH ][][][][][)(
8765 8765 −−−− ++++ zhzhzhzh ][][][][
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PolyphasePolyphase FIR StructuresFIR Structures
• H(z) can be expressed as a sum of two 

terms, with one term containing the even-
indexed coefficients and the other 
containing the odd-indexed coefficients:

)][][][][][()( 8642 86420 −−−− ++++= zhzhzhzhhzH
)][][][][( 7531 7531 −−−− ++++ zhzhzhzh

)][][][][][( 8642 86420 −−−− ++++= zhzhzhzhh
)][][][][( 6421 7531 −−−− ++++ zhzhzhhz
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PolyphasePolyphase FIR StructuresFIR Structures

• By using the notation

we can express H(z) as

• The above decompostion is more commonly 
known as the 2-branch polyphase
decomposition

321
1 7531 −−− +++= zhzhzhhzE ][][][][)(

4321
0 86420 −−−− ++++= zhzhzhzhhzE ][][][][][)(

)()()( 2
1

12
0 zEzzEzH −+=
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PolyphasePolyphase FIR StructuresFIR Structures

• A realization of H(z) based on the 2-branch
polyphase decomposition is thus as shown 
below

+

z 1_
E  (z  )2

0

E  (z  )2
1
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PolyphasePolyphase FIR StructuresFIR Structures

• In a similar manner, by grouping the terms 
in the original expression for H(z), we can 
reexpress it in the form

where now
)()()()( 3

2
23

1
13

0 zEzzEzzEzH −− ++=

21
0 630 −− ++= zhzhhzE ][][][)(

21
1 741 −− ++= zhzhhzE ][][][)(

21
2 852 −− ++= zhzhhzE ][][][)(
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FIR 数字滤波器的多相（并联）结构

多相实现： 考虑一个长度为 9 的因果 FIR 传输函数

H(z) =h[0]+h[1]z−1 +h[2]z−2 +h[3]z−3 +h[4]z−4

+h[5]z−5 +h[6]z−6 +h[7]z−7 +h[8]z−8

按照奇偶次序分成两组（多相分解）

H(z) = h[0]+h[2]z−2 +h[4]z−4 +h[6]z−6 +h[8]z−8

+ h[1]z−1 +h[3]z−3 +h[5]z−5 +h[7]z−7

= h[0]+h[2]z−2 +h[4]z−4 +h[6]z−6 +h[8]z−8

+ z−1
(

h[1]+h[3]z−2 +h[5]z−4 +h[7]z−6
)

=E0(z2)+ z−1E1(z2)
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FIR 数字滤波器的多相（并联）结构

多相实现： 考虑一个长度为 9 的因果 FIR 传输函数
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按照奇偶次序分成两组（多相分解）

H(z) = h[0]+h[2]z−2 +h[4]z−4 +h[6]z−6 +h[8]z−8
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(
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)

=E0(z2)+ z−1E1(z2)

= E0(z2)
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FIR 数字滤波器的多相（并联）结构

多相实现： 考虑一个长度为 9 的因果 FIR 传输函数

H(z) =h[0]+h[1]z−1 +h[2]z−2 +h[3]z−3 +h[4]z−4

+h[5]z−5 +h[6]z−6 +h[7]z−7 +h[8]z−8

按照奇偶次序分成两组（多相分解）

H(z) = h[0]+h[2]z−2 +h[4]z−4 +h[6]z−6 +h[8]z−8

+ h[1]z−1 +h[3]z−3 +h[5]z−5 +h[7]z−7

= h[0]+h[2]z−2 +h[4]z−4 +h[6]z−6 +h[8]z−8

+ z−1
(

h[1]+h[3]z−2 +h[5]z−4 +h[7]z−6
)

=E0(z2)+ z−1E1(z2)

= E0(z2)
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FIR 数字滤波器的多相（并联）结构

多相实现： 考虑一个长度为 9 的因果 FIR 传输函数

H(z) =h[0]+h[1]z−1 +h[2]z−2 +h[3]z−3 +h[4]z−4

+h[5]z−5 +h[6]z−6 +h[7]z−7 +h[8]z−8

按照奇偶次序分成两组（多相分解）

H(z) = h[0]+h[2]z−2 +h[4]z−4 +h[6]z−6 +h[8]z−8

+ h[1]z−1 +h[3]z−3 +h[5]z−5 +h[7]z−7

= h[0]+h[2]z−2 +h[4]z−4 +h[6]z−6 +h[8]z−8

+ z−1
(

h[1]+h[3]z−2 +h[5]z−4 +h[7]z−6
)

=E0(z2)+ z−1E1(z2)

= E0(z2)

= E1(z2)
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Cascade Form FIR Digital Cascade Form FIR Digital 
Filter StructuresFilter Structures

• A cascade realization for N = 6 is shown 
below

• Each second-order section in the above 
structure can also be realized in the 
transposed direct form

h[0]

z 1_

z 1_

+

+

z 1_

z 1_

+

+

z 1_

z 1_
+

+

11β

23β

13β12β

22β21β

x[n] y[n]
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PolyphasePolyphase FIR StructuresFIR Structures

• The polyphase decomposition of H(z) leads 
to a parallel form structure

• To illustrate this approach, consider a causal 
FIR transfer function H(z) with N = 8: 

4321 43210 −−−− ++++= zhzhzhzhhzH ][][][][][)(
8765 8765 −−−− ++++ zhzhzhzh ][][][][
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PolyphasePolyphase FIR StructuresFIR Structures
• H(z) can be expressed as a sum of two 

terms, with one term containing the even-
indexed coefficients and the other 
containing the odd-indexed coefficients:

)][][][][][()( 8642 86420 −−−− ++++= zhzhzhzhhzH
)][][][][( 7531 7531 −−−− ++++ zhzhzhzh

)][][][][][( 8642 86420 −−−− ++++= zhzhzhzhh
)][][][][( 6421 7531 −−−− ++++ zhzhzhhz
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PolyphasePolyphase FIR StructuresFIR Structures

• By using the notation

we can express H(z) as

• The above decompostion is more commonly 
known as the 2-branch polyphase
decomposition

321
1 7531 −−− +++= zhzhzhhzE ][][][][)(

4321
0 86420 −−−− ++++= zhzhzhzhhzE ][][][][][)(

)()()( 2
1

12
0 zEzzEzH −+=
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PolyphasePolyphase FIR StructuresFIR Structures

• A realization of H(z) based on the 2-branch
polyphase decomposition is thus as shown 
below

+

z 1_
E  (z  )2

0

E  (z  )2
1
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PolyphasePolyphase FIR StructuresFIR Structures

• In a similar manner, by grouping the terms 
in the original expression for H(z), we can 
reexpress it in the form

where now
)()()()( 3

2
23

1
13

0 zEzzEzzEzH −− ++=

21
0 630 −− ++= zhzhhzE ][][][)(

21
1 741 −− ++= zhzhhzE ][][][)(

21
2 852 −− ++= zhzhhzE ][][][)(
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FIR 数字滤波器的多相（并联）结构

多相实现： 考虑一个长度为 9 的因果 FIR 传输函数

H(z) =h[0]+h[1]z−1 +h[2]z−2 +h[3]z−3 +h[4]z−4

+h[5]z−5 +h[6]z−6 +h[7]z−7 +h[8]z−8

每隔两项抽取一项（多相分解）

H(z) = E0(z3)+ z−1E1(z3)+ z−2E2(z3)

3

13
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PolyphasePolyphase FIR StructuresFIR Structures

• The decomposition of H(z) in the form

or

is more commonly known as the 3-branch 
polyphase decomposition

)()()()( 3
2

23
1

13
0 zEzzEzzEzH −− ++=

)()()( 2
1

12
0 zEzzEzH −+=
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PolyphasePolyphase FIR StructuresFIR Structures

• A realization of H(z) based on the 3-branch
polyphase decomposition is thus as shown 
below

+

z 1_

z 1_

+

E  (z  )3
0

E  (z  )3
1

E  (z  )3
2

15
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PolyphasePolyphase FIR StructuresFIR Structures

• In the general case, an L-branch polyphase
decomposition of an FIR transfer function 
of order N is of the form

where

with h[n]=0 for n > N

)()( L
m

L
m

m zEzzH ∑ −
=

−= 1
0

∑
+

=

−+=
LN

n

m
m zmLnhzE

/)(
][)(

1

0
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PolyphasePolyphase FIR StructuresFIR Structures

• The subfilters in the polyphase
realization of an FIR transfer function are  
also FIR filters and can be realized using 
any methods described so far

• However, to obtain a canonic realization of 
the overall structure, the delays in all 
subfilters must be shared

)( L
m zE

17
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PolyphasePolyphase FIR StructuresFIR Structures
• Figure below shows a canonic realization of 

a length-9 FIR transfer function obtained 
using delay sharing

+

z 1_

z 1_

z 3_

+ +

++

z 3_

h[0]

h[1]

h[2]

h[3]

h[4]

h[5]

h[6]

h[7]

h[8]
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LinearLinear--Phase FIR StructuresPhase FIR Structures

• The symmetry (or antisymmetry) property of a 
linear-phase FIR filter can be exploited to 
reduce the number of multipliers into almost 
half of that in the direct form implementations

• Consider a length-7 Type 1 FIR transfer 
function with a symmetric impulse response:

321 3210 −−− +++= zhzhzhhzH ][][][][)(
654 012 −−− +++ zhzhzh ][][][
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Outline

1 数字滤波器的结构及框图表示方法

2 FIR 数字滤波器的结构
基本结构：直接型、级联型、并联型
线性相位结构
抽头延迟器

3 IIR 数字滤波器的结构

4 全通滤波器结构
基于乘法器提取法的实现
基于二端口网络提取法的实现

5 级联格型结构
IIR 级联格型结构
FIR 级联格型结构

6 可调谐 IIR 数字滤波器

7 数字滤波器的实现
实现复杂度
乘法器量化
灵敏度
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线性相位 FIR 滤波器的结构

利用线性相位 FIR 滤波器的对称或者反对称性质，减少乘法器的数量

h[n] =±h[N−n]
考虑 6 阶 1-型线性相位 FIR 滤波器（长度为 7）

H(z) =h[0]+h[1]z−1 +h[2]z−2 +h[3]z−3 +h[2]z−4 +h[1]z−5 +h[0]z−6

=h[0](1+ z−6)+h[1](z−1 + z−5)+h[2](z−2 + z−4)+h[3]z−3

4

19
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LinearLinear--Phase FIR StructuresPhase FIR Structures
• Rewriting H(z) in the form

we obtain the  realization shown below

)]([)]([)( 516 110 −−− +++= zzhzhzH
342 32 −−− +++ zhzzh ][)]([

z 1_

+

h[0] h[1] h[2] h[3]

z 1_
z 1_

z 1_

z 1_
z 1_

+

+ ++

+

x[n]

y[n]
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LinearLinear--Phase FIR StructuresPhase FIR Structures

• A similar decomposition can be applied to a 
Type 2 FIR transfer function

• For example, a length-8 Type 2 FIR transfer 
function can be expressed as

• The corresponding realization is shown on 
the next slide

)]([)]([)( 617 110 −−− +++= zzhzhzH

)]([)]([ 4352 32 −−−− ++++ zzhzzh

21
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LinearLinear--Phase FIR StructuresPhase FIR Structures

• Note: The Type 1 linear-phase structure for
a length-7 FIR filter requires 4 multipliers,
whereas a direct form realization requires 7 
multipliers

z 1_

h[0] h[1] h[2] h[3]

z 1_

z 1_

z 1_

z 1_

z 1_

+

z 1_

+ + +

++ +
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LinearLinear--Phase FIR StructuresPhase FIR Structures

• Note: The Type 2 linear-phase structure for
a length-8 FIR filter requires 4 multipliers,
whereas a direct form realization requires 8 
multipliers

• Similar savings occurs in the realization of 
Type 3 and Type 4 linear-phase FIR filters 
with antisymmetric impulse responses

23
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Tapped Delay LineTapped Delay Line

• In some applications, such as musical and 
sound processing, FIR filter structures of 
the form shown below are employed

+ ++

x[n]

y[n]

z
_M1 z

_M2 z
_M3

0α 1α 2α 3α

24
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Tapped Delay LineTapped Delay Line

• The structure consists of a chain of            
unit delays with taps at the 

input, at the end of first        delays, at the 
end of next         delays, and at the output

• Signals at these taps are then multiplied by 
constants      ,      ,      , and       and added to 
form the output

1M

2M

321 MMM ++

0α 1α 2α 3α

仅需 4 个乘法器
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线性相位 FIR 滤波器的结构

利用线性相位 FIR 滤波器的对称或者反对称性质，减少乘法器的数量

h[n] =±h[N−n]
考虑 7 阶 2-型线性相位 FIR 滤波器（长度为 8）

H(z) =h[0](1+ z−7)+h[1](z−1 + z−6)+h[2](z−2 + z−5)+h[3](z−3 + z−4)

4

19
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LinearLinear--Phase FIR StructuresPhase FIR Structures
• Rewriting H(z) in the form

we obtain the  realization shown below

)]([)]([)( 516 110 −−− +++= zzhzhzH
342 32 −−− +++ zhzzh ][)]([

z 1_

+

h[0] h[1] h[2] h[3]
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z 1_

+

+ ++
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LinearLinear--Phase FIR StructuresPhase FIR Structures

• A similar decomposition can be applied to a 
Type 2 FIR transfer function

• For example, a length-8 Type 2 FIR transfer 
function can be expressed as

• The corresponding realization is shown on 
the next slide

)]([)]([)( 617 110 −−− +++= zzhzhzH

)]([)]([ 4352 32 −−−− ++++ zzhzzh
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LinearLinear--Phase FIR StructuresPhase FIR Structures

• Note: The Type 1 linear-phase structure for
a length-7 FIR filter requires 4 multipliers,
whereas a direct form realization requires 7 
multipliers

z 1_

h[0] h[1] h[2] h[3]

z 1_

z 1_

z 1_

z 1_

z 1_

+

z 1_

+ + +

++ +
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• Note: The Type 2 linear-phase structure for
a length-8 FIR filter requires 4 multipliers,
whereas a direct form realization requires 8 
multipliers

• Similar savings occurs in the realization of 
Type 3 and Type 4 linear-phase FIR filters 
with antisymmetric impulse responses
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Tapped Delay LineTapped Delay Line

• In some applications, such as musical and 
sound processing, FIR filter structures of 
the form shown below are employed
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z
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_M2 z
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0α 1α 2α 3α
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Tapped Delay LineTapped Delay Line

• The structure consists of a chain of            
unit delays with taps at the 

input, at the end of first        delays, at the 
end of next         delays, and at the output

• Signals at these taps are then multiplied by 
constants      ,      ,      , and       and added to 
form the output

1M

2M

321 MMM ++

0α 1α 2α 3α

仅需 4 个乘法器
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1 数字滤波器的结构及框图表示方法

2 FIR 数字滤波器的结构
基本结构：直接型、级联型、并联型
线性相位结构
抽头延迟器

3 IIR 数字滤波器的结构

4 全通滤波器结构
基于乘法器提取法的实现
基于二端口网络提取法的实现

5 级联格型结构
IIR 级联格型结构
FIR 级联格型结构

6 可调谐 IIR 数字滤波器

7 数字滤波器的实现
实现复杂度
乘法器量化
灵敏度
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抽头延迟线结构

在一些应用中（例如乐声处理），FIR 滤波器可以通过如下结构来实现

4

19
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LinearLinear--Phase FIR StructuresPhase FIR Structures
• Rewriting H(z) in the form

we obtain the  realization shown below

)]([)]([)( 516 110 −−− +++= zzhzhzH
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• A similar decomposition can be applied to a 
Type 2 FIR transfer function

• For example, a length-8 Type 2 FIR transfer 
function can be expressed as

• The corresponding realization is shown on 
the next slide

)]([)]([)( 617 110 −−− +++= zzhzhzH

)]([)]([ 4352 32 −−−− ++++ zzhzzh
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LinearLinear--Phase FIR StructuresPhase FIR Structures

• Note: The Type 1 linear-phase structure for
a length-7 FIR filter requires 4 multipliers,
whereas a direct form realization requires 7 
multipliers

z 1_

h[0] h[1] h[2] h[3]

z 1_

z 1_

z 1_

z 1_

z 1_

+

z 1_

+ + +

++ +
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LinearLinear--Phase FIR StructuresPhase FIR Structures

• Note: The Type 2 linear-phase structure for
a length-8 FIR filter requires 4 multipliers,
whereas a direct form realization requires 8 
multipliers

• Similar savings occurs in the realization of 
Type 3 and Type 4 linear-phase FIR filters 
with antisymmetric impulse responses

23
Copyright © 2010, S. K. Mitra

Tapped Delay LineTapped Delay Line

• In some applications, such as musical and 
sound processing, FIR filter structures of 
the form shown below are employed

+ ++

x[n]

y[n]

z
_M1 z

_M2 z
_M3

0α 1α 2α 3α
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Tapped Delay LineTapped Delay Line

• The structure consists of a chain of            
unit delays with taps at the 

input, at the end of first        delays, at the 
end of next         delays, and at the output

• Signals at these taps are then multiplied by 
constants      ,      ,      , and       and added to 
form the output

1M

2M

321 MMM ++

0α 1α 2α 3α

抽头延迟线： 该结构由具有 M1 +M2 +M3 个单位延迟的链组成，抽头分别位于输入、
前 M1 个延迟之后、M1 +M2 个延迟之后以及 M1 +M2 +M3 个延迟之后，在这些抽头
上分别乘以 α0,α1,α2,α3，然后叠加起来形成输出

H(z) = α0 +α1z−M1 +α2z−M2 +α3z−M3
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Outline

1 数字滤波器的结构及框图表示方法

2 FIR 数字滤波器的结构
基本结构：直接型、级联型、并联型
线性相位结构
抽头延迟器

3 IIR 数字滤波器的结构

4 全通滤波器结构
基于乘法器提取法的实现
基于二端口网络提取法的实现

5 级联格型结构
IIR 级联格型结构
FIR 级联格型结构

6 可调谐 IIR 数字滤波器

7 数字滤波器的实现
实现复杂度
乘法器量化
灵敏度
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IIR 数字滤波器的基本结构

F IIR 数字滤波器的基本结构
• 直接型结构

1 直接 I 型
2 直接 It 型
3 直接 II 型
4 直接 IIt 型

• 级联实现
• 并联实现

F IIR 数字滤波器的全通实现
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直接 I 型结构

IIR 数字滤波器的传输函数一般具有下面的形式

H(z) = P(z)
D(z) =

p0 +p1z−1 +p2z−2 +p3z−3

1+d1z−1 +d2z−2 +d3z−3

那么我们可以将该传输函数分解成级联形式

H(z) = H1(z)H2(z)

其中

H1(z) = P(z) = p0 +p1z−1 +p2z−2 +p3z−3

H2(z) =
1

D(z) =
1

1+d1z−1 +d2z−2 +d3z−3
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直接 I 型结构

H1(z) 实际上是一个 FIR 滤波器，

w[n] = p0x[n]+p1x[n−1]+p2x[n−2]+p3x[n−3]

1
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Basic IIR Digital Filter Basic IIR Digital Filter 
StructuresStructures

• The causal IIR digital filters we are 
concerned with in this course are 
characterized by a real rational transfer 
function of       or, equivalently by a constant 
real coefficient difference equation

• From the difference equation representation, 
it can be seen that the realization of the 
causal IIR digital filters requires some form 
of feedback

1−z

Copyright © 2010, S. K. Mitra2

Basic IIR Digital Filter Basic IIR Digital Filter 
StructuresStructures

• An N-th order IIR digital transfer function is 
characterized by 2N+1 unique coefficients, 
and in general, requires 2N+1 multipliers 
and 2N two-input adders for implementation

• Direct form IIR filters: Filter structures in 
which the multiplier coefficients are 
precisely the coefficients of the transfer 
function

Copyright © 2010, S. K. Mitra3

Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
StructuresStructures

• Consider for simplicity a 3rd-order IIR filter 
with a transfer function

• We can implement H(z) as a cascade of two 
filter sections as shown on the next slide

3
3

2
2

1
1

3
3

2
2

1
10

1 −−−

−−−

+++
+++==
zdzdzd
zpzpzpp

zD
zPzH
)(
)(

)(
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Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
StructuresStructures

where

3
3

2
2

1
101

−−− +++=== zpzpzppzP
zX
zWzH )(
)(
)(

)(

3
3

2
2

1
1

2
1

11
−−− +++

===
zdzdzdzDzW

zYzH
)()(

)(
)(

X(z) H  (z)1 H  (z)2 Y(z)
W(z)
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Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
StructuresStructures

• The filter section            can be seen to be 
an FIR filter and can be realized as shown 
below

]3[]2[]1[][][ 3210 −+−+−+= nxpnxpnxpnxpnw

)(zH1

+

z 1_

z 1_

z 1_

+

+

x[n] w[n]
p

0

p
1

p
2

p
3

Copyright © 2010, S. K. Mitra6

Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
StructuresStructures

• The time-domain representation of            is 
given by

Realization of                                            
follows from the                                         
above equation                                               
and is shown on                                              
the right

)(zH2

][][][][][ 321 321 −−−−−−= nydnydnydnwny
)(zH2 +

z 1_

w[n]

+

+
z 1_

z 1_

y[n]

y[n   1]_

y[n   2]_ 

y[n   3]_

d_
1

d_
2

d_
3
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直接 I 型结构

H2(z) 实际上是一个 IIR 滤波器，

y[n] = w[n]−d1y[n−1]−d2y[n−2]−d3y[n−3]

1
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Basic IIR Digital Filter Basic IIR Digital Filter 
StructuresStructures

• The causal IIR digital filters we are 
concerned with in this course are 
characterized by a real rational transfer 
function of       or, equivalently by a constant 
real coefficient difference equation

• From the difference equation representation, 
it can be seen that the realization of the 
causal IIR digital filters requires some form 
of feedback

1−z

Copyright © 2010, S. K. Mitra2

Basic IIR Digital Filter Basic IIR Digital Filter 
StructuresStructures

• An N-th order IIR digital transfer function is 
characterized by 2N+1 unique coefficients, 
and in general, requires 2N+1 multipliers 
and 2N two-input adders for implementation

• Direct form IIR filters: Filter structures in 
which the multiplier coefficients are 
precisely the coefficients of the transfer 
function

Copyright © 2010, S. K. Mitra3

Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
StructuresStructures

• Consider for simplicity a 3rd-order IIR filter 
with a transfer function

• We can implement H(z) as a cascade of two 
filter sections as shown on the next slide

3
3

2
2

1
1

3
3

2
2

1
10

1 −−−

−−−

+++
+++==
zdzdzd
zpzpzpp

zD
zPzH
)(
)(

)(
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Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
StructuresStructures

where

3
3

2
2

1
101

−−− +++=== zpzpzppzP
zX
zWzH )(
)(
)(

)(

3
3

2
2

1
1

2
1

11
−−− +++

===
zdzdzdzDzW

zYzH
)()(

)(
)(

X(z) H  (z)1 H  (z)2 Y(z)
W(z)
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Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
StructuresStructures

• The filter section            can be seen to be 
an FIR filter and can be realized as shown 
below

]3[]2[]1[][][ 3210 −+−+−+= nxpnxpnxpnxpnw

)(zH1

+

z 1_

z 1_

z 1_

+

+

x[n] w[n]
p

0

p
1

p
2

p
3
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Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
StructuresStructures

• The time-domain representation of            is 
given by

Realization of                                            
follows from the                                         
above equation                                               
and is shown on                                              
the right

)(zH2

][][][][][ 321 321 −−−−−−= nydnydnydnwny
)(zH2 +

z 1_

w[n]

+

+
z 1_

z 1_

y[n]

y[n   1]_

y[n   2]_ 

y[n   3]_

d_
1

d_
2

d_
3
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直接 I 型结构

将 H1(z) 和 H2(z) 级联起来可以得到 H(z) 的直接 I-型结构实现

2
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Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
StructuresStructures

• A cascade of the two structures realizing      
and            leads to the realization of           
shown below and is known as the direct 
form I structure

)(zH2

)(zH1
)(zH

+

z 1_

+

+

z 1_

z 1_

y[n]

d_
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d_
2

d_
3
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+

+

z 1_

z 1_

z 1_

x[n]
p

0

p
1

p
2

p
3
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Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
StructuresStructures

• Note: The direct form I structure is 
noncanonic as it employs 6 delays to realize 
a 3rd-order transfer function

• A transpose of the direct
form I structure is shown 
on the right and is called 
the direct form I 
structure

t
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+

+

+

+

+

y[n]

d_
1

d_
2

d_
3

x[n]
p

0

p
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p
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p
3

z 1_

z 1_

z 1_

z 1_

z 1_

z 1_
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Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
StructuresStructures

• Various other noncanonic direct form 
structures can be derived by simple block 
diagram manipulations as shown below

d_
1

d_
2

d_
3

p
0

p
1

p
2

p
3

+

+

+

+

+ +

z 1_
z 1_

z 1_

z 1_
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z 1_

x[n] y[n]

d_
1

d_
2

d_
3

z 1_

z 1_

z 1_

+

p
0

p
1

p
2

p
3

+

z 1_

z 1_

z 1_

+ +

+

+

1

2

3

1'

2'

3'

x[n] y[n]
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Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
StructuresStructures

• Observe in the direct form structure shown 
below, the signal variable at nodes      and   
are the same, and hence the two top delays 
can be shared

1 '1

d_
1

d_
2

d_
3

z 1_

z 1_

z 1_

+

p
0

p
1

p
2

p
3

+
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z 1_

z 1_

+ +

+

+

1

2

3

1'

2'

3'

x[n] y[n]
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Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
StructuresStructures

• Likewise, the signal variables at nodes       
and       are the same, permitting the sharing 
of the middle two delays

• Following the same argument, the bottom 
two delays can be shared

• Sharing of all delays reduces the total 
number of delays to 3 resulting in a canonic 
realization shown on the next slide along 
with its transpose structure

2
'2
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Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
StructuresStructures

• Direct form realizations of an N-th order IIR 
transfer function should be evident

Direct Form II Direct Form II t

transpose
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直接 It 型结构

直接 I-型结构的转置等效结构称为直接 It-型结构

2
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Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
StructuresStructures

• A cascade of the two structures realizing      
and            leads to the realization of           
shown below and is known as the direct 
form I structure
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Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
StructuresStructures

• Note: The direct form I structure is 
noncanonic as it employs 6 delays to realize 
a 3rd-order transfer function

• A transpose of the direct
form I structure is shown 
on the right and is called 
the direct form I 
structure

t
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Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
StructuresStructures

• Various other noncanonic direct form 
structures can be derived by simple block 
diagram manipulations as shown below

d_
1

d_
2
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3

p
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p
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p
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Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
StructuresStructures

• Observe in the direct form structure shown 
below, the signal variable at nodes      and   
are the same, and hence the two top delays 
can be shared

1 '1

d_
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Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
StructuresStructures

• Likewise, the signal variables at nodes       
and       are the same, permitting the sharing 
of the middle two delays

• Following the same argument, the bottom 
two delays can be shared

• Sharing of all delays reduces the total 
number of delays to 3 resulting in a canonic 
realization shown on the next slide along 
with its transpose structure

2
'2
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Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
StructuresStructures

• Direct form realizations of an N-th order IIR 
transfer function should be evident

Direct Form II Direct Form II t

transpose
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直接型 II 结构

H1(z) 实际上是一个 FIR 滤波器，

w[n] = p0x[n]+p1x[n−1]+p2x[n−2]+p3x[n−3]

1
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Basic IIR Digital Filter Basic IIR Digital Filter 
StructuresStructures

• The causal IIR digital filters we are 
concerned with in this course are 
characterized by a real rational transfer 
function of       or, equivalently by a constant 
real coefficient difference equation

• From the difference equation representation, 
it can be seen that the realization of the 
causal IIR digital filters requires some form 
of feedback

1−z
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Basic IIR Digital Filter Basic IIR Digital Filter 
StructuresStructures

• An N-th order IIR digital transfer function is 
characterized by 2N+1 unique coefficients, 
and in general, requires 2N+1 multipliers 
and 2N two-input adders for implementation

• Direct form IIR filters: Filter structures in 
which the multiplier coefficients are 
precisely the coefficients of the transfer 
function

Copyright © 2010, S. K. Mitra3

Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
StructuresStructures

• Consider for simplicity a 3rd-order IIR filter 
with a transfer function

• We can implement H(z) as a cascade of two 
filter sections as shown on the next slide
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Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
StructuresStructures

where
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Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
StructuresStructures

• The filter section            can be seen to be 
an FIR filter and can be realized as shown 
below

]3[]2[]1[][][ 3210 −+−+−+= nxpnxpnxpnxpnw
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Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
StructuresStructures

• The time-domain representation of            is 
given by

Realization of                                            
follows from the                                         
above equation                                               
and is shown on                                              
the right
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Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
StructuresStructures

• A cascade of the two structures realizing      
and            leads to the realization of           
shown below and is known as the direct 
form I structure
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Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
StructuresStructures

• Note: The direct form I structure is 
noncanonic as it employs 6 delays to realize 
a 3rd-order transfer function

• A transpose of the direct
form I structure is shown 
on the right and is called 
the direct form I 
structure
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Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
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• Various other noncanonic direct form 
structures can be derived by simple block 
diagram manipulations as shown below
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Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
StructuresStructures

• Observe in the direct form structure shown 
below, the signal variable at nodes      and   
are the same, and hence the two top delays 
can be shared
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Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
StructuresStructures

• Likewise, the signal variables at nodes       
and       are the same, permitting the sharing 
of the middle two delays

• Following the same argument, the bottom 
two delays can be shared

• Sharing of all delays reduces the total 
number of delays to 3 resulting in a canonic 
realization shown on the next slide along 
with its transpose structure

2
'2
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StructuresStructures

• Direct form realizations of an N-th order IIR 
transfer function should be evident

Direct Form II Direct Form II t

transpose
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直接型 II 结构

H2(z) 实际上是一个 IIR 滤波器，

y[n] = w[n]−d1y[n−1]−d2y[n−2]−d3y[n−3]

1

Copyright © 2010, S. K. Mitra1

Basic IIR Digital Filter Basic IIR Digital Filter 
StructuresStructures

• The causal IIR digital filters we are 
concerned with in this course are 
characterized by a real rational transfer 
function of       or, equivalently by a constant 
real coefficient difference equation

• From the difference equation representation, 
it can be seen that the realization of the 
causal IIR digital filters requires some form 
of feedback

1−z
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Basic IIR Digital Filter Basic IIR Digital Filter 
StructuresStructures

• An N-th order IIR digital transfer function is 
characterized by 2N+1 unique coefficients, 
and in general, requires 2N+1 multipliers 
and 2N two-input adders for implementation

• Direct form IIR filters: Filter structures in 
which the multiplier coefficients are 
precisely the coefficients of the transfer 
function
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Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
StructuresStructures

• Consider for simplicity a 3rd-order IIR filter 
with a transfer function

• We can implement H(z) as a cascade of two 
filter sections as shown on the next slide
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Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
StructuresStructures

where
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Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
StructuresStructures

• The filter section            can be seen to be 
an FIR filter and can be realized as shown 
below
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Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
StructuresStructures

• The time-domain representation of            is 
given by

Realization of                                            
follows from the                                         
above equation                                               
and is shown on                                              
the right
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Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
StructuresStructures

• A cascade of the two structures realizing      
and            leads to the realization of           
shown below and is known as the direct 
form I structure
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Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
StructuresStructures

• Note: The direct form I structure is 
noncanonic as it employs 6 delays to realize 
a 3rd-order transfer function

• A transpose of the direct
form I structure is shown 
on the right and is called 
the direct form I 
structure
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Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
StructuresStructures

• Various other noncanonic direct form 
structures can be derived by simple block 
diagram manipulations as shown below
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Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
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• Observe in the direct form structure shown 
below, the signal variable at nodes      and   
are the same, and hence the two top delays 
can be shared
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Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
StructuresStructures

• Likewise, the signal variables at nodes       
and       are the same, permitting the sharing 
of the middle two delays

• Following the same argument, the bottom 
two delays can be shared

• Sharing of all delays reduces the total 
number of delays to 3 resulting in a canonic 
realization shown on the next slide along 
with its transpose structure

2
'2

Copyright © 2010, S. K. Mitra12

Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
StructuresStructures

• Direct form realizations of an N-th order IIR 
transfer function should be evident

Direct Form II Direct Form II t

transpose
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非典范直接 II 型结构

将转置等效结构的 H1(z) 和 H2(z) 级联起来，得到 H(z) 的新结构

2

Copyright © 2010, S. K. Mitra7

Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
StructuresStructures

• A cascade of the two structures realizing      
and            leads to the realization of           
shown below and is known as the direct 
form I structure
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Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
StructuresStructures

• Note: The direct form I structure is 
noncanonic as it employs 6 delays to realize 
a 3rd-order transfer function

• A transpose of the direct
form I structure is shown 
on the right and is called 
the direct form I 
structure
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Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
StructuresStructures

• Various other noncanonic direct form 
structures can be derived by simple block 
diagram manipulations as shown below
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Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
StructuresStructures

• Observe in the direct form structure shown 
below, the signal variable at nodes      and   
are the same, and hence the two top delays 
can be shared
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Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
StructuresStructures

• Likewise, the signal variables at nodes       
and       are the same, permitting the sharing 
of the middle two delays

• Following the same argument, the bottom 
two delays can be shared

• Sharing of all delays reduces the total 
number of delays to 3 resulting in a canonic 
realization shown on the next slide along 
with its transpose structure

2
'2
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Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
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• Direct form realizations of an N-th order IIR 
transfer function should be evident

Direct Form II Direct Form II t

transpose
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非典范直接 II 型结构

将转置等效结构的 H1(z) 和 H2(z) 级联起来，得到 H(z) 的新结构

2

Copyright © 2010, S. K. Mitra7

Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
StructuresStructures

• A cascade of the two structures realizing      
and            leads to the realization of           
shown below and is known as the direct 
form I structure
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Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
StructuresStructures

• Note: The direct form I structure is 
noncanonic as it employs 6 delays to realize 
a 3rd-order transfer function

• A transpose of the direct
form I structure is shown 
on the right and is called 
the direct form I 
structure
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• Various other noncanonic direct form 
structures can be derived by simple block 
diagram manipulations as shown below
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Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
StructuresStructures

• Observe in the direct form structure shown 
below, the signal variable at nodes      and   
are the same, and hence the two top delays 
can be shared
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Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
StructuresStructures

• Likewise, the signal variables at nodes       
and       are the same, permitting the sharing 
of the middle two delays

• Following the same argument, the bottom 
two delays can be shared

• Sharing of all delays reduces the total 
number of delays to 3 resulting in a canonic 
realization shown on the next slide along 
with its transpose structure

2
'2
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Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
StructuresStructures

• Direct form realizations of an N-th order IIR 
transfer function should be evident

Direct Form II Direct Form II t
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可以看到右图中的 1O 和 1’O，2O 和 2’O 的变量是一样的
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直接 II 和 IIt 型结构

将相同变量的节点合并，则可以得到 IIR 滤波器的直接 II 型结构实现，同时，其转置等
效结构为直接 IIt 型结构

2
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Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
StructuresStructures

• A cascade of the two structures realizing      
and            leads to the realization of           
shown below and is known as the direct 
form I structure
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Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
StructuresStructures

• Note: The direct form I structure is 
noncanonic as it employs 6 delays to realize 
a 3rd-order transfer function

• A transpose of the direct
form I structure is shown 
on the right and is called 
the direct form I 
structure
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• Various other noncanonic direct form 
structures can be derived by simple block 
diagram manipulations as shown below
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• Observe in the direct form structure shown 
below, the signal variable at nodes      and   
are the same, and hence the two top delays 
can be shared
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Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
StructuresStructures

• Likewise, the signal variables at nodes       
and       are the same, permitting the sharing 
of the middle two delays

• Following the same argument, the bottom 
two delays can be shared

• Sharing of all delays reduces the total 
number of delays to 3 resulting in a canonic 
realization shown on the next slide along 
with its transpose structure

2
'2
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Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
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• Direct form realizations of an N-th order IIR 
transfer function should be evident

Direct Form II Direct Form II t

transpose
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IIR 数字滤波器的级联型结构

IIR 数字滤波器的级联结构可以通过将传输函数的分子和分母分解为多个低阶多项式的
乘积得到。

H(z) = P(z)
D(z) =

P1(z)P2(z)P3(z)
D1(z)D2(z)D3(z)

3
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Cascade Form IIR Digital Cascade Form IIR Digital 
Filter StructuresFilter Structures

• By expressing the numerator and the 
denominator polynomials of the transfer 
function as a product of polynomials of 
lower degree, a digital filter can be realized 
as a cascade of low-order filter sections

• Consider, for example, H(z) = P(z)/D(z) 
expressed as

)()()(
)()()(

)(
)()(

321

321
zDzDzD
zPzPzP
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zPzH ==
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Cascade Form IIR Digital Cascade Form IIR Digital 
Filter StructuresFilter Structures

• Examples of cascade realizations obtained 
by different pole-zero pairings are shown 
below
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Cascade Form IIR Digital Cascade Form IIR Digital 
Filter StructuresFilter Structures

• Examples of cascade realizations obtained 
by different ordering of sections are shown 
below
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Cascade Form IIR Digital Cascade Form IIR Digital 
Filter StructuresFilter Structures

• There are altogether a total of 36 different 
cascade realizations of

based on pole-zero-pairings and ordering
• Due to finite wordlength effects, each such 

cascade realization behaves differently from 
others

)()()(
)()()()(
zDzDzD
zPzPzPzH

321

221=
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Cascade Form IIR Digital Cascade Form IIR Digital 
Filter StructuresFilter Structures

• Usually, the polynomials are factored into a 
product of 1st-order and 2nd-order 
polynomials:

• In the above, for a first-order factor
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Cascade Form IIR Digital Cascade Form IIR Digital 
Filter StructuresFilter Structures

• Consider the 3rd-order transfer function

• One possible realization is shown below
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IIR 数字滤波器的级联型结构

一般来说，我们可以将传输函数的分子、分母多项式写成 1 阶或者 2 阶多项式的乘积形
式

H(z) = p0 ∏
k

( 1+β1kz−1 +β2kz−2

1+α1kz−1 +α2kz−2

)
当 α2k = β2k = 0 时，对应于 1 阶的情况
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例子

三阶传输函数的直接 II 型实现和级联实现

H(z) = 0.44z−1 +0.36z−2 +0.02z−3

1+0.4z−1 +0.18z−2−0.2z−3

=

(0.44+0.362z−1 +0.02z−2

1+0.8z−1 +0.5z−2

)( z−1

1−0.4z−1

)

4
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Cascade Form IIR Digital Cascade Form IIR Digital 
Filter StructuresFilter Structures

• Example - Direct form II and cascade form
realizations of

are shown on the next slide
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Cascade Form IIR Digital Cascade Form IIR Digital 
Filter StructuresFilter Structures

Direct form II Cascade form
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Parallel Form IIR Digital Filter Parallel Form IIR Digital Filter 
StructuresStructures

• A partial-fraction expansion of the transfer 
function in        leads to the parallel form I
structure

• Assuming simple poles, the transfer function
H(z) can be expressed as

• In the above for a real pole
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Parallel Form IIR Digital Filter Parallel Form IIR Digital Filter 
StructuresStructures

• A direct partial-fraction expansion of the 
transfer function in z leads to the parallel 
form II structure

• Assuming simple poles, the transfer function
H(z) can be expressed as

• In the above for a real pole
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Parallel Form IIR Digital Filter Parallel Form IIR Digital Filter 
StructuresStructures

• The two basic parallel realizations of a 3rd-
order IIR transfer function are shown below

Parallel form I Parallel form II
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Parallel Form IIR Digital Filter Parallel Form IIR Digital Filter 
StructuresStructures

• Example - A partial-fraction expansion of

in       yields
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IIR 数字滤波器的并联型结构

对传输函数求关于 z−1 多项式部分分式展开可以得到其并联实现形式

• 并联 I 型： 写成 z−1 的多项式展开

H(z) = γ0 +∑
k

(
γ0k + γ1kz−1

1+α1kz−1 +α2kz−2

)
对于实数极点, γ1k = α2k = 0

• 并联 II 型：写成 z 的多项式展开

H(z) = δ0 +∑
k

(
δ1kz−1 +δ2kz−2

1+α1kz−1 +α2kz−2

)
对于实数极点, δ2k = α2k = 0
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IIR 数字滤波器的并联型结构

对传输函数求关于 z−1 多项式部分分式展开可以得到其并联实现形式

• 并联 I 型： 写成 z−1 的多项式展开

H(z) = γ0 +∑
k

(
γ0k + γ1kz−1

1+α1kz−1 +α2kz−2

)
对于实数极点, γ1k = α2k = 0

• 并联 II 型：写成 z 的多项式展开

H(z) = δ0 +∑
k

(
δ1kz−1 +δ2kz−2

1+α1kz−1 +α2kz−2

)
对于实数极点, δ2k = α2k = 0
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IIR 数字滤波器的并联型结构

三阶 IIR 传输函数的两种并联型实现

4
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Cascade Form IIR Digital Cascade Form IIR Digital 
Filter StructuresFilter Structures

• Example - Direct form II and cascade form
realizations of

are shown on the next slide
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Cascade Form IIR Digital Cascade Form IIR Digital 
Filter StructuresFilter Structures

Direct form II Cascade form
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Parallel Form IIR Digital Filter Parallel Form IIR Digital Filter 
StructuresStructures

• A partial-fraction expansion of the transfer 
function in        leads to the parallel form I
structure

• Assuming simple poles, the transfer function
H(z) can be expressed as

• In the above for a real pole
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Parallel Form IIR Digital Filter Parallel Form IIR Digital Filter 
StructuresStructures

• A direct partial-fraction expansion of the 
transfer function in z leads to the parallel 
form II structure

• Assuming simple poles, the transfer function
H(z) can be expressed as

• In the above for a real pole
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Parallel Form IIR Digital Filter Parallel Form IIR Digital Filter 
StructuresStructures

• The two basic parallel realizations of a 3rd-
order IIR transfer function are shown below

Parallel form I Parallel form II
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Parallel Form IIR Digital Filter Parallel Form IIR Digital Filter 
StructuresStructures

• Example - A partial-fraction expansion of

in       yields
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例子

三阶传输函数的并联 I 型实现和并联 II 型实现

H(z) = 0.44z−1 +0.36z−2 +0.02z−3

1+0.4z−1 +0.18z−2−0.2z−3

并联 I 型实现: (关于 z−1 的多项式展开）

H(z) =−0.1+ 0.6
1−0.4z−1 +

−0.5−0.2z−1

1+0.8z−1 +0.5z−2

并联 II 型实现: (关于 z 的多项式展开）

H(z) = 0.24
z−0.4 +

0.2z+0.25
z2 +0.8z+0.5z

=
0.24z−1

1−0.4z−1 +
0.2z−1 +0.25z−2

1+0.8z−1 +0.5z−2
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例子

5
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Parallel Form IIR Digital Filter Parallel Form IIR Digital Filter 
StructuresStructures

• The corresponding parallel form I realization 
is shown below
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Parallel Form IIR Digital Filter Parallel Form IIR Digital Filter 
StructuresStructures

• Likewise, a partial-fraction expansion of 
H(z) in z yields

• The corresponding                               
parallel form II
realization is shown
on the right
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Realization Using MATLABRealization Using MATLAB
• The cascade form requires the factorization 

of the transfer function which can be 
developed using the M-file zp2sos

• The statement sos = zp2sos(z,p,k)
generates a matrix sos containing the
coefficients of each 2nd-order section of the 
equivalent transfer function H(z) determined 
from its pole-zero form 

Copyright © 2010, S. K. Mitra28

Realization Using MATLABRealization Using MATLAB

• sos is an          matrix of the form

whose i-th row contains the coefficients        
and         , of the the numerator and 
denominator polynomials of the i-th 2nd-
order section

6×L
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⎥
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Realization Using MATLABRealization Using MATLAB

• L denotes the number of sections
• The form of the overall transfer function is 

given by

• Program 6_1 can be used to factorize an 
FIR and an IIR transfer function
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Realization Using MATLABRealization Using MATLAB

• Note: An FIR transfer function can be 
treated as an IIR transfer function with a 
constant numerator of unity and a 
denominator which is the polynomial 
describing the FIR transfer function

5
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Parallel Form IIR Digital Filter Parallel Form IIR Digital Filter 
StructuresStructures

• The corresponding parallel form I realization 
is shown below
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Parallel Form IIR Digital Filter Parallel Form IIR Digital Filter 
StructuresStructures

• Likewise, a partial-fraction expansion of 
H(z) in z yields

• The corresponding                               
parallel form II
realization is shown
on the right
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Realization Using MATLABRealization Using MATLAB
• The cascade form requires the factorization 

of the transfer function which can be 
developed using the M-file zp2sos

• The statement sos = zp2sos(z,p,k)
generates a matrix sos containing the
coefficients of each 2nd-order section of the 
equivalent transfer function H(z) determined 
from its pole-zero form 
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Realization Using MATLABRealization Using MATLAB

• sos is an          matrix of the form

whose i-th row contains the coefficients        
and         , of the the numerator and 
denominator polynomials of the i-th 2nd-
order section
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Realization Using MATLABRealization Using MATLAB

• L denotes the number of sections
• The form of the overall transfer function is 

given by

• Program 6_1 can be used to factorize an 
FIR and an IIR transfer function
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Realization Using MATLABRealization Using MATLAB

• Note: An FIR transfer function can be 
treated as an IIR transfer function with a 
constant numerator of unity and a 
denominator which is the polynomial 
describing the FIR transfer function

并联 I 型实现 并联 II 型实现
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Outline

1 数字滤波器的结构及框图表示方法

2 FIR 数字滤波器的结构
基本结构：直接型、级联型、并联型
线性相位结构
抽头延迟器

3 IIR 数字滤波器的结构

4 全通滤波器结构
基于乘法器提取法的实现
基于二端口网络提取法的实现

5 级联格型结构
IIR 级联格型结构
FIR 级联格型结构

6 可调谐 IIR 数字滤波器

7 数字滤波器的实现
实现复杂度
乘法器量化
灵敏度
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Outline

1 数字滤波器的结构及框图表示方法

2 FIR 数字滤波器的结构
基本结构：直接型、级联型、并联型
线性相位结构
抽头延迟器

3 IIR 数字滤波器的结构

4 全通滤波器结构
基于乘法器提取法的实现
基于二端口网络提取法的实现

5 级联格型结构
IIR 级联格型结构
FIR 级联格型结构

6 可调谐 IIR 数字滤波器

7 数字滤波器的实现
实现复杂度
乘法器量化
灵敏度

余磊 副教授 本科生课程，2018 秋 《数字信号处理》 49 / 113



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

全通滤波器的实现

M-阶实系数全通传输函数 AM(z) 的直接实现需要 2M 个乘法器。

A3(z) =
d3 +d2z−1 +d1z−2 + z−3

1+d1z−1 +d2z−2 +d3z−3

2

Copyright © 2010, S. K. Mitra7

Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
StructuresStructures

• A cascade of the two structures realizing      
and            leads to the realization of           
shown below and is known as the direct 
form I structure

)(zH2

)(zH1
)(zH

+

z 1_

+

+

z 1_

z 1_

y[n]

d_
1

d_
2

d_
3

+

+

+

z 1_

z 1_

z 1_

x[n]
p

0

p
1

p
2

p
3

Copyright © 2010, S. K. Mitra8

Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
StructuresStructures

• Note: The direct form I structure is 
noncanonic as it employs 6 delays to realize 
a 3rd-order transfer function

• A transpose of the direct
form I structure is shown 
on the right and is called 
the direct form I 
structure

t

+

+

+

+

+

+

y[n]

d_
1

d_
2

d_
3

x[n]
p

0

p
1

p
2

p
3

z 1_

z 1_

z 1_

z 1_

z 1_

z 1_
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Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
StructuresStructures

• Various other noncanonic direct form 
structures can be derived by simple block 
diagram manipulations as shown below

d_
1

d_
2

d_
3

p
0

p
1

p
2

p
3

+

+

+

+

+ +

z 1_
z 1_

z 1_

z 1_
z 1_

z 1_

x[n] y[n]

d_
1

d_
2

d_
3

z 1_

z 1_

z 1_

+

p
0

p
1

p
2

p
3

+

z 1_

z 1_

z 1_

+ +

+

+

1

2

3

1'

2'

3'

x[n] y[n]
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Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
StructuresStructures

• Observe in the direct form structure shown 
below, the signal variable at nodes      and   
are the same, and hence the two top delays 
can be shared

1 '1

d_
1

d_
2

d_
3

z 1_

z 1_

z 1_

+

p
0

p
1

p
2

p
3

+

z 1_

z 1_

z 1_

+ +

+

+

1

2

3

1'

2'

3'

x[n] y[n]
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Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
StructuresStructures

• Likewise, the signal variables at nodes       
and       are the same, permitting the sharing 
of the middle two delays

• Following the same argument, the bottom 
two delays can be shared

• Sharing of all delays reduces the total 
number of delays to 3 resulting in a canonic 
realization shown on the next slide along 
with its transpose structure

2
'2

Copyright © 2010, S. K. Mitra12

Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
StructuresStructures

• Direct form realizations of an N-th order IIR 
transfer function should be evident

Direct Form II Direct Form II t

transpose

d_
1

d_
2

d_
3

+

+ +

p
0

p
1

p
2

p
3

z 1_

z 1_

z 1_

+

++x[n] y[n]

d_
1

d_
2

d_
3

+

+

+

p
0

p
1

p
2

p
3

z 1_

+

z 1_

z 1_

x[n] y[n]

如何用 M 乘法器实现 M-阶实系数全通传输函数 AM(z)？
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基于乘法器提取法的实现

任意全通函数都可以表示成二阶或者一阶全通传输函数的乘积的形式。
一阶全通函数

A1(z) =
d1 + z−1

1+d1z−1

二阶全通函数

A2(z) =
d2 +d1z−1 + z−2

1+d1z−1 +d2z−2
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数字二端口网络

数字二端口网络是一种双输入、双输出结构

1

Copyright © 2010, S. K. Mitra
1

Digital TwoDigital Two--PairsPairs

• The LTI discrete-time systems considered 
so far are single-input, single-output 
structures characterized by a transfer 
function

• Often, such a system can be efficiently 
realized by interconnecting two-input, two-
output structures, more commonly called
two-pairs

Copyright © 2010, S. K. Mitra
2

Digital TwoDigital Two--PairsPairs
• Figures below show two commonly used 

block diagram representations of a two-pair

• Here     and      denote the two outputs, and   
and       denote the two inputs, where the 

dependencies on the variable z has been 
omitted for simplicity

1Y 2Y
1X 2X

1Y

2Y
1X

2X1Y
1X 2Y

2X
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Digital TwoDigital Two--PairsPairs
• The input-output relation of a digital two-

pair is given by

• In the above relation the matrix τ given by

is called the transfer matrix of the two-pair

⎥⎦
⎤

⎢⎣
⎡
⎥⎦
⎤

⎢⎣
⎡=⎥⎦

⎤
⎢⎣
⎡

2
1

2221
1211

2
1

X
X

tt
tt

Y
Y

⎥⎦
⎤

⎢⎣
⎡=

2221
1211
tt
ttτ
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Digital TwoDigital Two--PairsPairs

• It follows from the input-output relation that 
the transfer parameters can be found as 
follows:

02

1
12

01

1
11

12 ==
==

XX X
Yt

X
Yt ,

02

2
22

01

2
21

12 ==
==

XX X
Yt

X
Yt ,
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Digital TwoDigital Two--PairsPairs
• An alternate characterization of the two-pair 

is in terms of its chain parameters as

where the matrix Γ given by

is called the chain matrix of the two-pair

⎥⎦
⎤

⎢⎣
⎡
⎥⎦
⎤

⎢⎣
⎡=⎥⎦

⎤
⎢⎣
⎡

2
2

1
1

X
Y

DC
BA

Y
X

⎥⎦
⎤

⎢⎣
⎡= DC

BAΓ
- -
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Digital TwoDigital Two--PairsPairs
• The relation between the transfer 

parameters and the chain parameters are 
given by

A
Ct

A
t

A
BCADt

A
Ct −==−== 22211211

1
,,,

21
22112112

21
11

21
22

21
1

t
ttttDt

tCt
tBtA −==−== ,,,

[
X1
Y1

]
=

[
A B
C D

]
︸ ︷︷ ︸
chain matrix

[
Y2
X2

] [
Y1
Y2

]
=

[
t11 t12
t21 t22

]
︸ ︷︷ ︸

transfer matrix

[
X1
X2

]
Relationship between chain matrix and transfer matrix:

t11 =
C
A , t12 =

AD−BC
A , t21 =

1
A , t22 =−C

A

A =
1

t21
, B =− t22

t21
, C =

t11
t21

, D =
t12t21− t11t22

t21
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受限二端口网络

受限二端口网络

2

Copyright © 2010, S. K. Mitra
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TwoTwo--Pair Interconnection Pair Interconnection 
SchemesSchemes

Cascade Connection - Γ-cascade

• Here

'
1Y

'
1X

"
1Y

'
2Y "

2Y
"
1X

"
2X'

2X
⎥⎦
⎤

⎢⎣
⎡

''
''

DC
BA

- -
⎥⎦
⎤

⎢⎣
⎡

""
""

DC
BA

--

⎥
⎦

⎤
⎢
⎣

⎡
⎥⎦
⎤

⎢⎣
⎡=⎥

⎦

⎤
⎢
⎣

⎡
'
2

'
2

''
''

'
1

'
1

X
Y

DC
BA

Y
X

⎥
⎦

⎤
⎢
⎣

⎡
⎥⎦
⎤

⎢⎣
⎡=⎥

⎦

⎤
⎢
⎣

⎡
"
2

"
2

""
""

"
1

"
1

X
Y

DC
BA

Y
X
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TwoTwo--Pair Interconnection Pair Interconnection 
SchemesSchemes

• But from figure,              and
• Substituting the above relations in the first 

equation on the previous slide and 
combining the two equations we get

• Hence,

'
2

"
1 YX = '

2
"

1 XY =

⎥
⎦

⎤
⎢
⎣

⎡
⎥⎦
⎤

⎢⎣
⎡
⎥⎦
⎤

⎢⎣
⎡=⎥

⎦

⎤
⎢
⎣

⎡
"
2

"
2

""
""

''
''

'
1

'
1

X
Y

DC
BA

DC
BA

Y
X

⎥⎦
⎤

⎢⎣
⎡
⎥⎦
⎤

⎢⎣
⎡=⎥⎦

⎤
⎢⎣
⎡

""
""

''
''

DC
BA

DC
BA

DC
BA
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TwoTwo--Pair Interconnection Pair Interconnection 
SchemesSchemes

Cascade Connection - τ-cascade

• Here

'
1Y'

1X "
1Y

'
2Y

"
2Y

"
1X

"
2X

'
2X

⎥
⎦

⎤
⎢
⎣

⎡
'22'21

'12'11
tt
tt

- - --
⎥
⎦

⎤
⎢
⎣

⎡
"22"21

"12"11
tt
tt

⎥
⎦

⎤
⎢
⎣

⎡
⎥
⎦

⎤
⎢
⎣

⎡
=⎥

⎦

⎤
⎢
⎣

⎡
'2

'1
'22'21

'12'11
'2

'1

X
X

tt
tt

Y
Y

⎥
⎦

⎤
⎢
⎣

⎡
⎥
⎦

⎤
⎢
⎣

⎡
=⎥

⎦

⎤
⎢
⎣

⎡
"
2

"
1
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"
2

"
1

X
X

tt
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Y
Y
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TwoTwo--Pair Interconnection Pair Interconnection 
SchemesSchemes

• But from figure,              and
• Substituting the above relations in the first 

equation on the previous slide and 
combining the two equations we get

• Hence,

'
1

"
1 YX = '

2
"
2 YX =

⎥
⎦

⎤
⎢
⎣

⎡
⎥
⎦

⎤
⎢
⎣

⎡
⎥
⎦

⎤
⎢
⎣

⎡
=⎥

⎦

⎤
⎢
⎣

⎡
'
2

'
1

'22'21

'12'11
"22"21

"12"11
"
2

"
1

X
X

tt
tt

tt
tt

Y
Y

⎥
⎦

⎤
⎢
⎣

⎡
⎥
⎦

⎤
⎢
⎣

⎡
=⎥⎦

⎤
⎢⎣
⎡

'22'21

'12'11
"22"21

"12"11
2221
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tt
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TwoTwo--Pair Interconnection Pair Interconnection 
SchemesSchemes

Constrained Two-Pair

• It can be shown that
1Y
1X 2Y

2X
G(z)

H(z)

)(
)()(

1

1
zGBA
zGDC

X
YzH

⋅+
⋅+==

)(1
)(

22

2112
11 zGt

zGttt
−

+=
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Algebraic Stability TestAlgebraic Stability Test
• We have shown that the BIBO stability of a 

causal rational transfer function requires 
that all its poles be inside the unit circle

• For very high-order transfer functions, it is 
very difficult to determine the pole 
locations analytically

• Root locations can of course be determined 
on a computer by some type of root finding 
algorithms

此二端口网络描述的系统的传输函数为

H(z) = Y1
X1

=
C+D ·G(z)
A+B ·G(z)

= t11 +
t12t21G(z)
1− t22G(z)
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一阶全通滤波器

对于 1 阶全通传输函数
A1(z) =

d1 + z−1

1+d1z−1

若采用乘法器较少的二端口网络实现：

1

Copyright © 2010, S. K. Mitra1

Realization of Realization of AllpassAllpass FiltersFilters
• An M-th order real-coefficient allpass

transfer function              is characterized by 
M unique coefficients as here the numerator 
is the mirror-image polynomial of the 
denominator

• A direct form realization of               requires
2M multipliers

• Objective - Develop realizations of          
requiring only M multipliers

)(zMA

)(zMA

)(zMA

Copyright © 2010, S. K. Mitra2

Realization Using Multiplier Realization Using Multiplier 
Extraction ApproachExtraction Approach

• Now, an arbitrary allpass transfer function 
can be expressed as a product of 2nd-order 
and/or 1st-order allpass transfer functions

• We consider first the minimum multiplier 
realization of a 1st-order and a 2nd-order 
allpass transfer functions

Copyright © 2010, S. K. Mitra3

FirstFirst--Order Order AllpassAllpass StructuresStructures
• Consider first the 1st-order allpass transfer 

function given by

• We shall realize the above transfer function 
in the form a structure containing a single 
multiplier      as shown below1d

1
1

1
1

1 1
)( −

−

+
+

=
zd
zdzA

1X

1Y
2X

1d

2Y

Multiplier-less
two-pair
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FirstFirst--Order Order AllpassAllpass StructuresStructures

• We express the transfer function                   
in terms of the transfer 

parameters of the two-pair as

• A comparison of the above with                  

yields
121122211

1
22

1
11 −=−−== −− ttttztzt ,,

221

21122211111

221

12112
11 1

)(
11 )(

td
ttttdt

td
dtt

tz
−

−−
=

−
+=A

111 )( X/Yz =A

1
1

1
1

1 1
)( −

−

+
+

=
zd
zdzA

Copyright © 2010, S. K. Mitra5

FirstFirst--Order Order AllpassAllpass StructuresStructures

• Substituting               and                  in              
we get

• There are 4 possible solutions to the above 
equation:
Type 1A:
Type 1B:

121122211 −=− tttt
1

11
−= zt 1

22
−−= zt

2
2112 1 −−= ztt

11 21
2

12
1

22
1

11 =−=−== −−− tztztzt ,,,

1
21

1
12

1
22

1
11 11 −−−− −=+=−== ztztztzt ,,,
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FirstFirst--Order Order AllpassAllpass StructuresStructures

• Type 1A  :
• Type 1B  :

• We now develop the two-pair structure for 
the Type 1A allpass transfer function

2
2112

1
22

1
11 11 −−− −==−== zttztzt ,,,

1
21

1
12

1
22

1
11 11 −−−− +=−=−== ztztztzt ,,,

t

t

A1(z) = t11 +
t12t21d1
1−d1t22

=
t11−d1(t11t22− t12t21)

1−d1t22

因此
t11 = z−1,t22 =−z−1,t11t22− t12t21 =−1
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一阶全通滤波器

t11 = z−1,t22 =−z−1,

t11t22− t12t21 =−1

}
⇒ t12t21 = 1−z−2

那么存在四种可能的解

Type 1A: t11 = z−1,t22 =−z−1,t12 = 1−z−2,t21 = 1
Type 1B: t11 = z−1,t22 =−z−1,t12 = 1+ z−1,t21 = 1−z−1

Type 1At : t11 = z−1,t22 =−z−1,t12 = 1,t21 = 1−z−2

Type 1Bt : t11 = z−1,t22 =−z−1,t12 = 1−z−1,t21 = 1+ z−1
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Realization of Type 1A

1A 型二端口网络实现

Type 1A: t11 = z−1,t22 =−z−1,t12 = 1−z−2,t21 = 1

回顾第七章二端口网络的内容：[
Y1
Y2

]
=

[
t11 t12
t12 t22

]
︸ ︷︷ ︸

transfer matrix

[
X1
X2

]

可以得到双输入双输出关系为：

Y2 = X1−z−1X2

Y1 = z−1X1 +(1−z−2)X2

= z−1Y2 +X2

2

Copyright © 2010, S. K. Mitra7

FirstFirst--Order Order AllpassAllpass StructuresStructures

• From the transfer parameters of this allpass
we arrive at the input-output relations:

• A realization of the above two-pair is 
sketched below

2
1

12 XzXY −−=

22
1

2
2

1
1

1 1 XYzXzXzY +=−+= −−− )(

z 1_

z 1_+ +
1_

1X 1Y
2Y

2X
Copyright © 2010, S. K. Mitra8

FirstFirst--Order Order AllpassAllpass StructuresStructures

• By constraining the      ,       terminal-pair 
with the multiplier     , we arrive at the
Type 1A allpass filter structure shown 
below

2X 2Y
1d

Type 1A

z 1_

z 1_+ +
1_

1X 1Y
2Y

2X
d1

Copyright © 2010, S. K. Mitra9

FirstFirst--Order Order AllpassAllpass StructuresStructures
• In a similar fashion, the other three single-

multiplier first-order allpass filter structures 
can be developed as shown below

Type 1B Type 1At

Type 1Bt

z 1_
+ +

1_

1X

1Y

d1

+

z 1_ +

1_

1X 1Y

d1

+

z 1_

z 1_ +1X

1Y

d1

+

+

_1
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SecondSecond--Order Order AllpassAllpass
StructuresStructures

• A 2nd-order allpass transfer function is 
characterized by 2 unique coefficients

• Hence, it can be realized using only 2
multipliers

• Type 2 allpass transfer function:

2
21

1
1

21
121

2 1
)( −−

−−

++

++
=

zddzd
zzdddzA
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Type 2 Type 2 AllpassAllpass StructuresStructures

Copyright © 2010, S. K. Mitra12

Type 3 Type 3 AllpassAllpass StructuresStructures

• Type 3 allpass transfer function:

2
2

1
1

21
12

3 1
)( −−

−−

++

++
=

zdzd
zzddzA
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Realization of Type 1A

1A 型二端口网络实现

Type 1A: t11 = z−1,t22 =−z−1,t12 = 1−z−2,t21 = 1

回顾第七章二端口网络的内容：[
Y1
Y2

]
=

[
t11 t12
t12 t22

]
︸ ︷︷ ︸

transfer matrix

[
X1
X2

]

可以得到双输入双输出关系为：

Y2 = X1−z−1X2

Y1 = z−1X1 +(1−z−2)X2

= z−1Y2 +X2

2
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FirstFirst--Order Order AllpassAllpass StructuresStructures

• From the transfer parameters of this allpass
we arrive at the input-output relations:

• A realization of the above two-pair is 
sketched below

2
1

12 XzXY −−=

22
1

2
2

1
1

1 1 XYzXzXzY +=−+= −−− )(

z 1_

z 1_+ +
1_

1X 1Y
2Y

2X
Copyright © 2010, S. K. Mitra8

FirstFirst--Order Order AllpassAllpass StructuresStructures

• By constraining the      ,       terminal-pair 
with the multiplier     , we arrive at the
Type 1A allpass filter structure shown 
below

2X 2Y
1d

Type 1A

z 1_

z 1_+ +
1_

1X 1Y
2Y

2X
d1

Copyright © 2010, S. K. Mitra9

FirstFirst--Order Order AllpassAllpass StructuresStructures
• In a similar fashion, the other three single-

multiplier first-order allpass filter structures 
can be developed as shown below

Type 1B Type 1At

Type 1Bt

z 1_
+ +

1_

1X

1Y

d1

+

z 1_ +

1_

1X 1Y

d1

+

z 1_

z 1_ +1X

1Y

d1

+

+

_1

Copyright © 2010, S. K. Mitra10

SecondSecond--Order Order AllpassAllpass
StructuresStructures

• A 2nd-order allpass transfer function is 
characterized by 2 unique coefficients

• Hence, it can be realized using only 2
multipliers

• Type 2 allpass transfer function:

2
21

1
1

21
121

2 1
)( −−

−−

++

++
=

zddzd
zzdddzA

Copyright © 2010, S. K. Mitra11

Type 2 Type 2 AllpassAllpass StructuresStructures

Copyright © 2010, S. K. Mitra12

Type 3 Type 3 AllpassAllpass StructuresStructures

• Type 3 allpass transfer function:

2
2

1
1

21
12

3 1
)( −−

−−

++

++
=

zdzd
zzddzA

d1

Type 1A
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Realization of other types

同样的，我们可以用相似的方式实现其他三种形式的二端口网络

2
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FirstFirst--Order Order AllpassAllpass StructuresStructures

• From the transfer parameters of this allpass
we arrive at the input-output relations:

• A realization of the above two-pair is 
sketched below

2
1

12 XzXY −−=

22
1

2
2

1
1

1 1 XYzXzXzY +=−+= −−− )(

z 1_

z 1_+ +
1_

1X 1Y
2Y

2X
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FirstFirst--Order Order AllpassAllpass StructuresStructures

• By constraining the      ,       terminal-pair 
with the multiplier     , we arrive at the
Type 1A allpass filter structure shown 
below

2X 2Y
1d

Type 1A

z 1_

z 1_+ +
1_

1X 1Y
2Y

2X
d1
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FirstFirst--Order Order AllpassAllpass StructuresStructures
• In a similar fashion, the other three single-

multiplier first-order allpass filter structures 
can be developed as shown below

Type 1B Type 1At

Type 1Bt

z 1_
+ +

1_

1X

1Y

d1

+

z 1_ +

1_

1X 1Y

d1

+

z 1_

z 1_ +1X

1Y

d1

+

+

_1
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SecondSecond--Order Order AllpassAllpass
StructuresStructures

• A 2nd-order allpass transfer function is 
characterized by 2 unique coefficients

• Hence, it can be realized using only 2
multipliers

• Type 2 allpass transfer function:

2
21

1
1

21
121

2 1
)( −−

−−

++

++
=

zddzd
zzdddzA
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Type 2 Type 2 AllpassAllpass StructuresStructures

Copyright © 2010, S. K. Mitra12

Type 3 Type 3 AllpassAllpass StructuresStructures

• Type 3 allpass transfer function:

2
2

1
1

21
12

3 1
)( −−

−−

++

++
=

zdzd
zzddzA

Type 1Bt
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Realization of 2nd order Allpass Filters

对于二阶全通滤波器，需要至少两个乘法器，那么则存在下面两种可能性
Type 2:

A2(z) =
d1d2 +d1z−1 + z−2

1+d1z−1 +d1d2z−2

Type 3:

A2(z) =
d2 +d1z−1 + z−2

1+d1z−1 +d2z−2
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Type 2 Allpass Structures
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Type 3 Allpass Structures
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Outline

1 数字滤波器的结构及框图表示方法

2 FIR 数字滤波器的结构
基本结构：直接型、级联型、并联型
线性相位结构
抽头延迟器

3 IIR 数字滤波器的结构

4 全通滤波器结构
基于乘法器提取法的实现
基于二端口网络提取法的实现

5 级联格型结构
IIR 级联格型结构
FIR 级联格型结构

6 可调谐 IIR 数字滤波器

7 数字滤波器的实现
实现复杂度
乘法器量化
灵敏度
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数字二端口网络

数字二端口网络是一种双输入、双输出结构

1

Copyright © 2010, S. K. Mitra
1

Digital TwoDigital Two--PairsPairs

• The LTI discrete-time systems considered 
so far are single-input, single-output 
structures characterized by a transfer 
function

• Often, such a system can be efficiently 
realized by interconnecting two-input, two-
output structures, more commonly called
two-pairs

Copyright © 2010, S. K. Mitra
2

Digital TwoDigital Two--PairsPairs
• Figures below show two commonly used 

block diagram representations of a two-pair

• Here     and      denote the two outputs, and   
and       denote the two inputs, where the 

dependencies on the variable z has been 
omitted for simplicity

1Y 2Y
1X 2X

1Y

2Y
1X

2X1Y
1X 2Y

2X

Copyright © 2010, S. K. Mitra
3

Digital TwoDigital Two--PairsPairs
• The input-output relation of a digital two-

pair is given by

• In the above relation the matrix τ given by

is called the transfer matrix of the two-pair

⎥⎦
⎤

⎢⎣
⎡
⎥⎦
⎤

⎢⎣
⎡=⎥⎦

⎤
⎢⎣
⎡

2
1

2221
1211

2
1

X
X

tt
tt

Y
Y

⎥⎦
⎤

⎢⎣
⎡=

2221
1211
tt
ttτ
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Digital TwoDigital Two--PairsPairs

• It follows from the input-output relation that 
the transfer parameters can be found as 
follows:

02

1
12

01

1
11

12 ==
==

XX X
Yt

X
Yt ,

02

2
22

01

2
21

12 ==
==

XX X
Yt

X
Yt ,

Copyright © 2010, S. K. Mitra
5

Digital TwoDigital Two--PairsPairs
• An alternate characterization of the two-pair 

is in terms of its chain parameters as

where the matrix Γ given by

is called the chain matrix of the two-pair

⎥⎦
⎤

⎢⎣
⎡
⎥⎦
⎤

⎢⎣
⎡=⎥⎦

⎤
⎢⎣
⎡

2
2

1
1

X
Y

DC
BA

Y
X

⎥⎦
⎤

⎢⎣
⎡= DC

BAΓ
- -
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Digital TwoDigital Two--PairsPairs
• The relation between the transfer 

parameters and the chain parameters are 
given by

A
Ct

A
t

A
BCADt

A
Ct −==−== 22211211

1
,,,

21
22112112

21
11

21
22

21
1

t
ttttDt

tCt
tBtA −==−== ,,,

[
X1
Y1

]
=

[
A B
C D

]
︸ ︷︷ ︸
chain matrix

[
Y2
X2

] [
Y1
Y2

]
=

[
t11 t12
t21 t22

]
︸ ︷︷ ︸

transfer matrix

[
X1
X2

]
Relationship between chain matrix and transfer matrix:

t11 =
C
A , t12 =

AD−BC
A , t21 =

1
A , t22 =−C

A

A =
1

t21
, B =− t22

t21
, C =

t11
t21

, D =
t12t21− t11t22

t21
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受限二端口网络

受限二端口网络

2
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TwoTwo--Pair Interconnection Pair Interconnection 
SchemesSchemes

Cascade Connection - Γ-cascade

• Here

'
1Y

'
1X

"
1Y

'
2Y "

2Y
"
1X

"
2X'

2X
⎥⎦
⎤

⎢⎣
⎡

''
''

DC
BA

- -
⎥⎦
⎤

⎢⎣
⎡

""
""

DC
BA

--

⎥
⎦

⎤
⎢
⎣

⎡
⎥⎦
⎤

⎢⎣
⎡=⎥

⎦

⎤
⎢
⎣

⎡
'
2

'
2

''
''

'
1

'
1

X
Y

DC
BA

Y
X

⎥
⎦

⎤
⎢
⎣

⎡
⎥⎦
⎤

⎢⎣
⎡=⎥

⎦

⎤
⎢
⎣

⎡
"
2

"
2

""
""

"
1

"
1

X
Y

DC
BA

Y
X
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TwoTwo--Pair Interconnection Pair Interconnection 
SchemesSchemes

• But from figure,              and
• Substituting the above relations in the first 

equation on the previous slide and 
combining the two equations we get

• Hence,

'
2

"
1 YX = '

2
"

1 XY =

⎥
⎦

⎤
⎢
⎣

⎡
⎥⎦
⎤

⎢⎣
⎡
⎥⎦
⎤

⎢⎣
⎡=⎥

⎦

⎤
⎢
⎣

⎡
"
2

"
2

""
""

''
''

'
1

'
1

X
Y

DC
BA

DC
BA

Y
X

⎥⎦
⎤

⎢⎣
⎡
⎥⎦
⎤

⎢⎣
⎡=⎥⎦

⎤
⎢⎣
⎡

""
""

''
''

DC
BA

DC
BA

DC
BA
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TwoTwo--Pair Interconnection Pair Interconnection 
SchemesSchemes

Cascade Connection - τ-cascade

• Here

'
1Y'

1X "
1Y

'
2Y

"
2Y

"
1X

"
2X

'
2X

⎥
⎦

⎤
⎢
⎣

⎡
'22'21

'12'11
tt
tt

- - --
⎥
⎦

⎤
⎢
⎣

⎡
"22"21

"12"11
tt
tt

⎥
⎦

⎤
⎢
⎣

⎡
⎥
⎦

⎤
⎢
⎣

⎡
=⎥

⎦

⎤
⎢
⎣

⎡
'2

'1
'22'21

'12'11
'2

'1

X
X

tt
tt

Y
Y

⎥
⎦

⎤
⎢
⎣

⎡
⎥
⎦

⎤
⎢
⎣

⎡
=⎥

⎦

⎤
⎢
⎣

⎡
"
2

"
1

"22"21

"12"11
"
2

"
1

X
X

tt
tt

Y
Y
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TwoTwo--Pair Interconnection Pair Interconnection 
SchemesSchemes

• But from figure,              and
• Substituting the above relations in the first 

equation on the previous slide and 
combining the two equations we get

• Hence,

'
1

"
1 YX = '

2
"
2 YX =

⎥
⎦

⎤
⎢
⎣

⎡
⎥
⎦

⎤
⎢
⎣

⎡
⎥
⎦

⎤
⎢
⎣

⎡
=⎥

⎦

⎤
⎢
⎣

⎡
'
2

'
1

'22'21

'12'11
"22"21

"12"11
"
2

"
1

X
X

tt
tt

tt
tt

Y
Y

⎥
⎦

⎤
⎢
⎣

⎡
⎥
⎦

⎤
⎢
⎣

⎡
=⎥⎦

⎤
⎢⎣
⎡

'22'21

'12'11
"22"21

"12"11
2221
1211

tt
tt

tt
tt

tt
tt

Copyright © 2010, S. K. Mitra
11

TwoTwo--Pair Interconnection Pair Interconnection 
SchemesSchemes

Constrained Two-Pair

• It can be shown that
1Y
1X 2Y

2X
G(z)

H(z)

)(
)()(

1

1
zGBA
zGDC

X
YzH

⋅+
⋅+==

)(1
)(

22

2112
11 zGt

zGttt
−

+=
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Algebraic Stability TestAlgebraic Stability Test
• We have shown that the BIBO stability of a 

causal rational transfer function requires 
that all its poles be inside the unit circle

• For very high-order transfer functions, it is 
very difficult to determine the pole 
locations analytically

• Root locations can of course be determined 
on a computer by some type of root finding 
algorithms

此二端口网络描述的系统的传输函数为

H(z) = Y1
X1

=
C+D ·G(z)
A+B ·G(z)

= t11 +
t12t21G(z)
1− t22G(z)

余磊 副教授 本科生课程，2018 秋 《数字信号处理》 63 / 113



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

回顾：一般稳定性测试

判断全通函数 AM(z) 稳定的充要条件为
• k2

M < 1, with kM = AM(∞) = dM

• 全通函数 AM−1(z) 是稳定的

AM−1(z) = z
[
AM(z)−kM
1−kMAM(z)

]
⇔AM(z) = kM + z−1AM−1(z)

1+kMz−1AM−1(z)

那么 AM−1(z) 具有如下形式

AM−1(z) =
d′M−1 +d′M−2z−1 + · · ·+d′1z−(M−2)+ z−(M−1)

1+d′1z−1 + · · ·+d′M−2z−(M−2)+d′M−1z−(M−1)

with

d′i =
di−dMdM−i

1−d2
M

, i = 1,2, ...,M−1
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基于二端口网络提取算法的实现

F 受限二端口网络实现 M 阶全通滤波器

3

Copyright © 2010, S. K. Mitra13

Type 3 Type 3 AllpassAllpass StructuresStructures
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Realization Using Multiplier Realization Using Multiplier 
Extraction ApproachExtraction Approach

• Example - Realize

• A 3-multiplier cascade realization of the 
above allpass transfer function is shown 
below

321

321

20180401
4018020

3 )( −−−

−−−

−++
+++−=
z.z.z.
zz.z..z

)..)(.(

)..)(.(
211

211

50801401
805040

−−−

−−−

++−

+++−=
zzz
zzz

A
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Realization Using TwoRealization Using Two--Pair Pair 
Extraction ApproachExtraction Approach

• The stability test algorithm described earlier 
in the course also leads to an elegant 
realization of anMth-order allpass transfer 
function

• The algorithm is based on the development 
of a series of            th-order allpass transfer 
functions               from an mth-order allpass
transfer function             for 

)( 1−m

11 ,...,M,Mm −=
)(1 zm−A

)(zmA
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Realization Using TwoRealization Using Two--Pair Pair 
Extraction ApproachExtraction Approach

• Let

• We use the recursion

where
• It has been shown earlier that            is 

stable if and only if
)(zAM

12 <mk for 11 ,...,, −= MMm

m
m

m
m

mm
mmm

zdzd...zdzd
zzd...zdzdd

m z −−−
−

−−

−−−−
−

−
−

+++++

+++++= )1(
1

2
2

1
1

)1(
1

2
2

1
1

1
)(A

mmm dk =∞= )(A

11 ,...,, −= MMm,zz
zk
kz

m
mm

mm ][)(
)(1

)(
1 −

−
− =A A

A
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Realization Using TwoRealization Using Two--Pair Pair 
Extraction ApproachExtraction Approach

• If the allpass transfer function                is 
expressed in the form

then the coefficients of                 are simply 
related to the coefficients of             through

11
1 2 −≤≤
−

−
= − mi

d
dddd
m

immi
i ,'

)(1 zm−A

)(zmA

)1(
1

)2(
2

1
1

)1()2(
1

1
21

11 )( −−
−

−−
−

−

−−−−−
−−

++++
++++

− = m
m

m
m

mm
mm

z'dz'd...z'd
zz'd...z'd'd

m zA

)(1 zm−A
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Realization Using TwoRealization Using Two--Pair Pair 
Extraction ApproachExtraction Approach

• To develop the realization method we 
express              in terms of                :

• We realize             in the form shown below

)(1 zm−A)(zmA

)(zmA

)(1
)(

1
1

1
1

)(
zzk
zzk

m
mm

mmz
−

−
−

−

+

+=A A
A

1X

1Y
2X

2Y

2221
1211
tt
tt

)(zmA

)(1 zm−A

AM(z) = t11− (t11t22− t12t21)AM−1(z)
1− t22AM−1(z)

⇔AM(z) = kM + z−1AM−1(z)
1+kMz−1AM−1(z)

⇒ t11 = kM, t22 =−kMz−1

t11t22− t12t21 =−z−1

⇒ t12t21 = (1−k2
M)z−1

⇒



（1）t12 = z−1,t21 = 1−k2
M

（2）t12 = (1−kM)z−1,t21 = 1+kM

（3）t12 =
√

1−k2
Mz−1,t21 =

√
1−k2

M

（4）t12 = (1−k2
M)z−1,t21 = 1

F 四种不同的解对应四种不同的实现方式。
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基于二端口网络提取算法的实现（4）

考虑第四个解：

t11 = kM,t22 =−kMz−1,t12 = (1−k2
M)z−1,t21 = 1

那么二端口网络的输入输出关系为：[
Y1
Y2

]
=

[
t11 t12
t21 t22

]
︸ ︷︷ ︸

transfer matrix

[
X1
X2

]
=

[
kMX1 +(1−k2

M)z−1X2
X1−kMz−1X2

]
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基于二端口网络提取算法的实现（3）
考虑第三个解：

t11 = kM,t22 =−kMz−1,t12 =
√

1−k2
Mz−1,t21 =

√
1−k2

M

那么二端口网络的输入输出关系为：[
Y1
Y2

]
=

[
t11 t12
t21 t22

]
︸ ︷︷ ︸

transfer matrix

[
X1
X2

]
=

 kMX1 +
√

1−k2
Mz−1X2√

1−k2
MX1−kMz−1X2


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基于二端口网络提取算法的实现（2）

考虑第二个解：

t11 = kM,t22 =−kMz−1,t12 = (1−kM)z−1,t21 = 1+kM

那么二端口网络的输入输出关系为：[
Y1
Y2

]
=

[
kMX1 +(1−kM)z−1X2
(1+kM)X1−kMz−1X2

]
=

[
z−1X2 +kM(X1−z−1X2)

X1 +kM(X1−z−1X2)

]
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基于二端口网络提取算法的实现（1）

考虑第一个解：

t11 = kM,t22 =−kMz−1,t12 = z−1,t21 = 1−k2
M

那么二端口网络的输入输出关系为：[
Y1
Y2

]
=

[
kMX1 +(1−k2

M)z−1X2
X1−kMz−1X2

]
=

[
kMY2 + z−1X2
X1−kMz−1X2

]

�����	���� �

格型结构
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全通函数的格型二端口网络实现

M−1 阶全通函数 AM−1(z) ⇒ M 阶全通函数 AM(z)

AM(z) = t11− (t11t22− t12t21)AM−1(z)
1− t22AM−1(z)

⇔AM(z) = kM + z−1AM−1(z)
1+kMz−1AM−1(z)

对于 M-阶全通函数，可以利用二端口网络来实现

3

Copyright © 2010, S. K. Mitra13

Type 3 Type 3 AllpassAllpass StructuresStructures

Copyright © 2010, S. K. Mitra14

Realization Using Multiplier Realization Using Multiplier 
Extraction ApproachExtraction Approach

• Example - Realize

• A 3-multiplier cascade realization of the 
above allpass transfer function is shown 
below

321

321

20180401
4018020

3 )( −−−

−−−

−++
+++−=
z.z.z.
zz.z..z

)..)(.(

)..)(.(
211

211

50801401
805040

−−−

−−−

++−

+++−=
zzz
zzz

A
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Realization Using TwoRealization Using Two--Pair Pair 
Extraction ApproachExtraction Approach

• The stability test algorithm described earlier 
in the course also leads to an elegant 
realization of anMth-order allpass transfer 
function

• The algorithm is based on the development 
of a series of            th-order allpass transfer 
functions               from an mth-order allpass
transfer function             for 

)( 1−m

11 ,...,M,Mm −=
)(1 zm−A

)(zmA

Copyright © 2010, S. K. Mitra16

Realization Using TwoRealization Using Two--Pair Pair 
Extraction ApproachExtraction Approach

• Let

• We use the recursion

where
• It has been shown earlier that            is 

stable if and only if
)(zAM

12 <mk for 11 ,...,, −= MMm

m
m

m
m

mm
mmm

zdzd...zdzd
zzd...zdzdd

m z −−−
−

−−

−−−−
−

−
−

+++++

+++++= )1(
1

2
2

1
1

)1(
1

2
2

1
1

1
)(A

mmm dk =∞= )(A

11 ,...,, −= MMm,zz
zk
kz

m
mm

mm ][)(
)(1

)(
1 −

−
− =A A

A
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Realization Using TwoRealization Using Two--Pair Pair 
Extraction ApproachExtraction Approach

• If the allpass transfer function                is 
expressed in the form

then the coefficients of                 are simply 
related to the coefficients of             through

11
1 2 −≤≤
−

−
= − mi

d
dddd
m

immi
i ,'

)(1 zm−A

)(zmA

)1(
1

)2(
2

1
1

)1()2(
1

1
21

11 )( −−
−

−−
−

−

−−−−−
−−

++++
++++

− = m
m

m
m

mm
mm

z'dz'd...z'd
zz'd...z'd'd

m zA

)(1 zm−A
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Realization Using TwoRealization Using Two--Pair Pair 
Extraction ApproachExtraction Approach

• To develop the realization method we 
express              in terms of                :

• We realize             in the form shown below

)(1 zm−A)(zmA

)(zmA

)(1
)(

1
1

1
1

)(
zzk
zzk

m
mm

mmz
−

−
−

−

+

+=A A
A

1X

1Y
2X

2Y

2221
1211
tt
tt

)(zmA

)(1 zm−A

采用格型结构实现如下

�����	���� �

5
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Realization Using TwoRealization Using Two--Pair Pair 
Extraction ApproachExtraction Approach

• A 2-multiplier realization can be derived by 
manipulating the input-output relations:

• Making use of the second equation, we can 
rewrite the first equation as

2
12

11 )1( XzkXkY mm
−−+=

2
1

12 XzkXY m
−−=

2
1

21 XzYkY m
−+=
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Realization Using TwoRealization Using Two--Pair Pair 
Extraction ApproachExtraction Approach

• A direct realization of

lead to the 2-multiplier two-pair structure,
known as the lattice structure, shown below

2
1

21 XzYkY m
−+=

2
1

12 XzkXY m
−−=
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Realization Using TwoRealization Using Two--Pair Pair 
Extraction ApproachExtraction Approach

• Consider the two-pair described by

• Its input-output relations are given by

• Define

mmmm ktzktzktkt +=−=−== −− 11 21
1

12
1

2211 ,)(,,

2
1

11 1 XzkXkY mm
−−+= )(

2
1

12 1 XzkXkY mm
−−+= )(

)( 2
1

11 XzXkV m
−−=
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Realization Using TwoRealization Using Two--Pair Pair 
Extraction ApproachExtraction Approach

• We can then rewrite the input-output 
relations as                           and

• The corresponding 1-multiplier realization 
is shown below

2
1

11 XzVY −+= 112 VXY +=

1V

Copyright © 2010, S. K. Mitra29

Realization Using TwoRealization Using Two--Pair Pair 
Extraction ApproachExtraction Approach

• An mth-order allpass transfer function        
is then realized by constraining any one of 
the two-pairs developed earlier by the        

th-order allpass transfer function)( 1−m

)(zmA

)(1 zm−A

)(zmA

Copyright © 2010, S. K. Mitra30

Realization Using TwoRealization Using Two--Pair Pair 
Extraction ApproachExtraction Approach

• The process is repeated until the 
constraining transfer function is

• The complete realization of             based on 
the extraction of the two-pair lattice is 
shown below

)(zmA

1)(0 =zA
)(zMA
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全通函数的级联格型二端口网络实现

A0 = 1 ⇒ A1(z) ⇒ . . . ⇒ AM−2(z) ⇒ AM−1(z) ⇒ AM(z)

采用格型结构实现如下
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Example

全通传输函数的级联格型实现

A3(z) =
−0.2+0.18z−1 +0.4z−2 + z−3

1+0.4z−1 +0.18z−2−0.2z−3 =
d3 +d2z−1 +d1z−2 + z−3

1+d1z−1 +d2z−2 +d3z−3

首先用二阶全通函数 A2(z) 实现 A3(z)

�����	���� �

其中，k3 = d3 =−0.2，且

A2 =
d′2 +d′1z−1 + z−2

1+d′1z−1 +d′2z−2

二阶全通函数的系数为

d′1 =
d1−d3d2

1−d2
3

= 0.454

d′2 =
d2−d3d1

1−d2
3

= 0.271
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Example

全通传输函数的级联格型实现

A3(z) =
−0.2+0.18z−1 +0.4z−2 + z−3

1+0.4z−1 +0.18z−2−0.2z−3 =
d3 +d2z−1 +d1z−2 + z−3

1+d1z−1 +d2z−2 +d3z−3

首先用二阶全通函数 A2(z) 实现 A3(z)

�����	���� �

其中，k3 = d3 =−0.2，且

A2 =
d′2 +d′1z−1 + z−2

1+d′1z−1 +d′2z−2

以此类推，可以用 1 阶全通函数实现二阶全通函数
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Example

全通传输函数的级联格型实现

A3(z) =
−0.2+0.18z−1 +0.4z−2 + z−3

1+0.4z−1 +0.18z−2−0.2z−3 =
d3 +d2z−1 +d1z−2 + z−3

1+d1z−1 +d2z−2 +d3z−3

首先用二阶全通函数 A2(z) 实现 A3(z)

�����	���� �

其中，k3 = d3 =−0.2，且

A2 =
d′2 +d′1z−1 + z−2

1+d′1z−1 +d′2z−2

以此类推，可以用 0 阶全通函数实现 1 阶全通函数
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Outline

1 数字滤波器的结构及框图表示方法

2 FIR 数字滤波器的结构
基本结构：直接型、级联型、并联型
线性相位结构
抽头延迟器

3 IIR 数字滤波器的结构

4 全通滤波器结构
基于乘法器提取法的实现
基于二端口网络提取法的实现

5 级联格型结构
IIR 级联格型结构
FIR 级联格型结构

6 可调谐 IIR 数字滤波器

7 数字滤波器的实现
实现复杂度
乘法器量化
灵敏度
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Outline

1 数字滤波器的结构及框图表示方法

2 FIR 数字滤波器的结构
基本结构：直接型、级联型、并联型
线性相位结构
抽头延迟器

3 IIR 数字滤波器的结构

4 全通滤波器结构
基于乘法器提取法的实现
基于二端口网络提取法的实现

5 级联格型结构
IIR 级联格型结构
FIR 级联格型结构

6 可调谐 IIR 数字滤波器

7 数字滤波器的实现
实现复杂度
乘法器量化
灵敏度
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利用全通函数实现全极点传输函数

用全通函数实现全极点传输函数 H(z)

A(z) = z−MDM(z−1)
DM(z) ⇒H(z) = 1

DM(z)
,DM(z) = 1+d1z−1 + ...+dMz−M

3 阶全通函数的格型结构实现如下

2

Copyright © 2010, S. K. Mitra7

Tunable Tunable BandpassBandpass and and 
BandstopBandstop Digital FiltersDigital Filters

• The 2nd-order bandpass transfer function 

and the 2nd-order bandstop transfer 
function

also form a doubly-complementary pair

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
α+α+β−

−α−= −−

−

21

2

)1(1
1

2
1)(

zz
zzHBP

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
α+α+β−

+β−α+= −−

−−

21

21

)1(1
1

2
1)(

zz
zzzHBS
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Tunable Tunable BandpassBandpass and and 
BandstopBandstop Digital FiltersDigital Filters

• Thus, they can be expressed in the form

where

is a 2nd-order allpass transfer function

)](1[)( 22
1 zzHBP −= A

)](1[)( 22
1 zzHBS += A

21

21

2
)1(1

)1()( −−

−−

α+α+β−
+α+β−α

=
zz
zzzA
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Tunable Tunable BandpassBandpass and and 
BandstopBandstop Digital FiltersDigital Filters

• A realization of              and               based 
on the allpass-based decomposition is 
shown below

• The 2nd-order allpass filter is realized using 
a cascaded single-multiplier lattice structure

)(zHBP )(zHBS

+

+
1
2
_

A  (z)2 _1

H    (z)BS

H    (z)BP
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Tunable Tunable BandpassBandpass and and 
BandstopBandstop Digital FiltersDigital Filters

• The final structure is as shown below

• In the above structure, the multiplier β
controls the center frequency and the 
multiplier α controls the 3-dB bandwidth

+ +

1
2
_

_1

++ +

_1z

_1

α

_1z+ + +

_β

Bandpass
output

output
Bandstop

Input
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Tunable Tunable BandpassBandpass and and 
BandstopBandstop Digital FiltersDigital Filters

• Figure below illustrates the parametric 
tuning property of the overall structure
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M
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IIR Tapped Cascaded Lattice IIR Tapped Cascaded Lattice 
StructuresStructures

Realization of an All-pole IIR Transfer 
Function

• Consider the cascaded lattice structure 
derived earlier for the realization of an 
allpass transfer function

z–1

–k2

k2

z–1

–k3

k3

z–1

A3(z)
–k1

k1

S3 S2 S1

1W2W3W

3
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IIR Tapped Cascaded Lattice IIR Tapped Cascaded Lattice 
StructuresStructures

• A typical lattice two-pair here is as shown 
below

• Its input-output relations are given by

)()()( 1
1 zSzkzWzW mmmm

−
+ −=

)()()( 1
1 zSzzWkzS mmmm

−
+ +=

)(1 zWm+

)(1 zSm+

)(zWm

)(zSmz–1 X

km

km
_
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IIR Tapped Cascaded Lattice IIR Tapped Cascaded Lattice 
StructuresStructures

• From the input-output relations we derive 
the chain matrix description of the two-pair:

• The chain matrix description of the 
cascaded lattice structure is therefore

⎥⎦
⎤
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IIR Tapped Cascaded Lattice IIR Tapped Cascaded Lattice 
StructuresStructures

• From the above equation we arrive at

using the relation                        and the 
relations

1
32211 ])1([1{)( −+++= zkkkkzX

)(})]1([ 1
3

3
2

2312 zWzkzkkkk −− ++++

)()( 11 zWzS =
)()1( 1

3
3

2
2

1
1 zWzdzdzd −−− +++=

33
'
22

"
11 ,, dkdkdk ===
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IIR Tapped Cascaded Lattice IIR Tapped Cascaded Lattice 
StructuresStructures

• The transfer function                      is thus an 
all-pole function with the same denominator 
as that of the 3rd-order allpass function            

:

)(/)( 11 zXzW

3
3

2
2

1
11

1

1
1

)(
)(

−−− +++
=

zdzdzdzX
zW

)(3 zA

Copyright © 2010, S. K. Mitra17

IIR Tapped Cascaded Lattice IIR Tapped Cascaded Lattice 
StructuresStructures

Gray-Markel Method
• A two-step method to realize an Mth-order 

arbitrary IIR transfer function

• Step 1: An intermediate allpass transfer 
function                                                        
is realized in the form of a cascaded lattice 
structure

)(/)()( zDzPzH MM=

)()()( 1 zD/zDzz MM
M

M
−−=A
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IIR Tapped Cascaded Lattice IIR Tapped Cascaded Lattice 
StructuresStructures

• Step 2: A set of independent variables are 
summed with appropriate weights to yield 
the desired numerator

• To illustrate the method, consider the 
realization of a 3rd-order transfer function

)(zPM

3
3

2
2

1
1

3
3

2
2

1
10

3

3

1 −−−

−−−

+++
+++

==
zdzdzd
zpzpzpp

zD
zPzH

)(
)(

)(

⇒
Wm(z) = Wm+1(z)−kmz−1Sm(z)
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• Thus, they can be expressed in the form

where

is a 2nd-order allpass transfer function
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• A realization of              and               based 
on the allpass-based decomposition is 
shown below

• The 2nd-order allpass filter is realized using 
a cascaded single-multiplier lattice structure
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Tunable Tunable BandpassBandpass and and 
BandstopBandstop Digital FiltersDigital Filters

• The final structure is as shown below

• In the above structure, the multiplier β
controls the center frequency and the 
multiplier α controls the 3-dB bandwidth
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• Figure below illustrates the parametric 
tuning property of the overall structure
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IIR Tapped Cascaded Lattice IIR Tapped Cascaded Lattice 
StructuresStructures

Realization of an All-pole IIR Transfer 
Function

• Consider the cascaded lattice structure 
derived earlier for the realization of an 
allpass transfer function
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StructuresStructures

• A typical lattice two-pair here is as shown 
below

• Its input-output relations are given by
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• From the input-output relations we derive 
the chain matrix description of the two-pair:
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• From the above equation we arrive at

using the relation                        and the 
relations
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IIR Tapped Cascaded Lattice IIR Tapped Cascaded Lattice 
StructuresStructures

• The transfer function                      is thus an 
all-pole function with the same denominator 
as that of the 3rd-order allpass function            

:
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IIR Tapped Cascaded Lattice IIR Tapped Cascaded Lattice 
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Gray-Markel Method
• A two-step method to realize an Mth-order 

arbitrary IIR transfer function

• Step 1: An intermediate allpass transfer 
function                                                        
is realized in the form of a cascaded lattice 
structure
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IIR Tapped Cascaded Lattice IIR Tapped Cascaded Lattice 
StructuresStructures

• Step 2: A set of independent variables are 
summed with appropriate weights to yield 
the desired numerator

• To illustrate the method, consider the 
realization of a 3rd-order transfer function
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• The 2nd-order bandpass transfer function 

and the 2nd-order bandstop transfer 
function

also form a doubly-complementary pair

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
α+α+β−

−α−= −−

−

21

2

)1(1
1

2
1)(

zz
zzHBP

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
α+α+β−

+β−α+= −−

−−

21

21

)1(1
1

2
1)(

zz
zzzHBS

Copyright © 2010, S. K. Mitra8

Tunable Tunable BandpassBandpass and and 
BandstopBandstop Digital FiltersDigital Filters

• Thus, they can be expressed in the form

where

is a 2nd-order allpass transfer function
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• A realization of              and               based 
on the allpass-based decomposition is 
shown below

• The 2nd-order allpass filter is realized using 
a cascaded single-multiplier lattice structure
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• The final structure is as shown below

• In the above structure, the multiplier β
controls the center frequency and the 
multiplier α controls the 3-dB bandwidth
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• Figure below illustrates the parametric 
tuning property of the overall structure
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Realization of an All-pole IIR Transfer 
Function

• Consider the cascaded lattice structure 
derived earlier for the realization of an 
allpass transfer function
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also form a doubly-complementary pair

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
α+α+β−

−α−= −−

−

21

2

)1(1
1

2
1)(

zz
zzHBP

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
α+α+β−

+β−α+= −−

−−

21

21

)1(1
1

2
1)(

zz
zzzHBS

Copyright © 2010, S. K. Mitra8

Tunable Tunable BandpassBandpass and and 
BandstopBandstop Digital FiltersDigital Filters

• Thus, they can be expressed in the form

where

is a 2nd-order allpass transfer function

)](1[)( 22
1 zzHBP −= A

)](1[)( 22
1 zzHBS += A

21

21

2
)1(1

)1()( −−

−−

α+α+β−
+α+β−α

=
zz
zzzA

Copyright © 2010, S. K. Mitra9

Tunable Tunable BandpassBandpass and and 
BandstopBandstop Digital FiltersDigital Filters

• A realization of              and               based 
on the allpass-based decomposition is 
shown below

• The 2nd-order allpass filter is realized using 
a cascaded single-multiplier lattice structure
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• The final structure is as shown below

• In the above structure, the multiplier β
controls the center frequency and the 
multiplier α controls the 3-dB bandwidth
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• Figure below illustrates the parametric 
tuning property of the overall structure
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Realization of an All-pole IIR Transfer 
Function

• Consider the cascaded lattice structure 
derived earlier for the realization of an 
allpass transfer function
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从图中可知 W1 = S1，所以

X1(z) =
(

1+[k1(1+k2)+k2k3]z−1 +[k2 +k1k3(1+k2)]z−2 +k3z−3
)

W1(z)
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• The 2nd-order bandpass transfer function 

and the 2nd-order bandstop transfer 
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also form a doubly-complementary pair
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• Thus, they can be expressed in the form

where

is a 2nd-order allpass transfer function
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• A realization of              and               based 
on the allpass-based decomposition is 
shown below

• The 2nd-order allpass filter is realized using 
a cascaded single-multiplier lattice structure
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• The final structure is as shown below

• In the above structure, the multiplier β
controls the center frequency and the 
multiplier α controls the 3-dB bandwidth
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• Figure below illustrates the parametric 
tuning property of the overall structure
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Realization of an All-pole IIR Transfer 
Function

• Consider the cascaded lattice structure 
derived earlier for the realization of an 
allpass transfer function
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由于 km =Am(∞) = dm(参见 P314, 式 8.45)，所以

X1(z) =
(

1+d1z−1 +d2z−2 +d3z−3
)

W1(z)

W1(z)
X1(z)

=
1

1+d1z−1 +d2z−2 +d3z−3
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• The 2nd-order bandpass transfer function 
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• Thus, they can be expressed in the form

where

is a 2nd-order allpass transfer function
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• A realization of              and               based 
on the allpass-based decomposition is 
shown below

• The 2nd-order allpass filter is realized using 
a cascaded single-multiplier lattice structure

)(zHBP )(zHBS

+

+
1
2
_

A  (z)2 _1

H    (z)BS

H    (z)BP

Copyright © 2010, S. K. Mitra10

Tunable Tunable BandpassBandpass and and 
BandstopBandstop Digital FiltersDigital Filters

• The final structure is as shown below

• In the above structure, the multiplier β
controls the center frequency and the 
multiplier α controls the 3-dB bandwidth
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• Figure below illustrates the parametric 
tuning property of the overall structure
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Realization of an All-pole IIR Transfer 
Function

• Consider the cascaded lattice structure 
derived earlier for the realization of an 
allpass transfer function

z–1

–k2

k2

z–1

–k3

k3

z–1

A3(z)
–k1

k1

S3 S2 S1

1W2W3W

由于 km =Am(∞) = dm(参见 P314, 式 8.45)，所以

X1(z) =
(

1+d1z−1 +d2z−2 +d3z−3
)

W1(z)

W1(z)
X1(z)

=
1

1+d1z−1 +d2z−2 +d3z−3H(z) =
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用全通函数实现任意 IIR 传输函数 H(z)

A(z) = z−MDM(z−1)
DM(z) ⇒H(z) = PM(z)

DM(z)
,PM(z) = 1+p1z−1 + ...+pMz−M

3 阶全通函数的格型结构：

2
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Tunable Tunable BandpassBandpass and and 
BandstopBandstop Digital FiltersDigital Filters

• The 2nd-order bandpass transfer function 

and the 2nd-order bandstop transfer 
function

also form a doubly-complementary pair
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⎞
⎜⎜
⎝

⎛
α+α+β−
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21
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)1(1
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1)(
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zzHBP

⎟⎟
⎠

⎞
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⎝

⎛
α+α+β−
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−−

21
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)1(1
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1)(

zz
zzzHBS
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Tunable Tunable BandpassBandpass and and 
BandstopBandstop Digital FiltersDigital Filters

• Thus, they can be expressed in the form

where

is a 2nd-order allpass transfer function

)](1[)( 22
1 zzHBP −= A

)](1[)( 22
1 zzHBS += A

21

21

2
)1(1

)1()( −−

−−

α+α+β−
+α+β−α

=
zz
zzzA
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Tunable Tunable BandpassBandpass and and 
BandstopBandstop Digital FiltersDigital Filters

• A realization of              and               based 
on the allpass-based decomposition is 
shown below

• The 2nd-order allpass filter is realized using 
a cascaded single-multiplier lattice structure

)(zHBP )(zHBS

+

+
1
2
_

A  (z)2 _1

H    (z)BS

H    (z)BP
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Tunable Tunable BandpassBandpass and and 
BandstopBandstop Digital FiltersDigital Filters

• The final structure is as shown below

• In the above structure, the multiplier β
controls the center frequency and the 
multiplier α controls the 3-dB bandwidth

+ +

1
2
_

_1

++ +

_1z

_1

α

_1z+ + +

_β

Bandpass
output

output
Bandstop

Input
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Tunable Tunable BandpassBandpass and and 
BandstopBandstop Digital FiltersDigital Filters

• Figure below illustrates the parametric 
tuning property of the overall structure
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IIR Tapped Cascaded Lattice IIR Tapped Cascaded Lattice 
StructuresStructures

Realization of an All-pole IIR Transfer 
Function

• Consider the cascaded lattice structure 
derived earlier for the realization of an 
allpass transfer function

z–1
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z–1

–k3

k3

z–1

A3(z)
–k1

k1

S3 S2 S1

1W2W3W

IIR 抽头级联格型结构实现: Yo
X1

= H(z)

4
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IIR Tapped Cascaded Lattice IIR Tapped Cascaded Lattice 
StructuresStructures

• In the first step, we form a 3rd-order allpass
transfer function

• Realization of             has been illustrated 
earlier resulting in the structure shown below

)(3 zA
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1
3

3
113 zD/zDzzX/zYz −−==A

z–1
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S3 S2 S1

1W2W3W
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IIR Tapped Cascaded Lattice IIR Tapped Cascaded Lattice 
StructuresStructures

• Objective: Sum the independent signal 
variables     ,     ,     , and     with weights          
as shown below to realize the desired 
numerator

1Y 1S 2S 3S }{ iα

)(zP3

–k2

k2

–k3

k3

–k1

k1

S3
Y1

Yo

X1

α1 α2 α3 α4

S2
S1

W3 W2 W1

z 1
_

z 1
_

z 1
_
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IIR Tapped Cascaded Lattice IIR Tapped Cascaded Lattice 
StructuresStructures

• To this end, we first analyze the cascaded 
lattice structure realizing and determine the 
transfer functions                     ,                     , 
and

• We have already shown

)(/)( zXzS 11 )(/)( zXzS 12
)(/)( zXzS 13

)()(
)(

zDzX
zS

31

1 1
=
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IIR Tapped Cascaded Lattice IIR Tapped Cascaded Lattice 
StructuresStructures

• From the figure it follows that

and hence
)()()()()( " zSzdzSzkzS 1

1
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1
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1
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IIR Tapped Cascaded Lattice IIR Tapped Cascaded Lattice 
StructuresStructures

• From Slide No. 20, we have

• From the last equation we get

)()()( 1
1"
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1
2'23 zSzzWdzS −+=
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IIR Tapped Cascaded Lattice IIR Tapped Cascaded Lattice 
StructuresStructures

• Substituting                                         and  
in 

we arrive at

)()1()( 1
1"

12 zSzdzW −+=
)()()( 1

1"
12 zSzdzS −+=

)()()( 2
1

2'23 zSzzWdzS −+=

)()()()1()( 1
1"

1
1
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)(])1([ 1
21'

2
"
1

'
2 zSzzddd −− +++=

如何确定 αi|i=1,...,4?
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IIR 抽头级联格型结构实现: Yo
X1

= H(z)
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IIR Tapped Cascaded Lattice IIR Tapped Cascaded Lattice 
StructuresStructures

• In the first step, we form a 3rd-order allpass
transfer function

• Realization of             has been illustrated 
earlier resulting in the structure shown below
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IIR Tapped Cascaded Lattice IIR Tapped Cascaded Lattice 
StructuresStructures

• Objective: Sum the independent signal 
variables     ,     ,     , and     with weights          
as shown below to realize the desired 
numerator
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IIR Tapped Cascaded Lattice IIR Tapped Cascaded Lattice 
StructuresStructures

• To this end, we first analyze the cascaded 
lattice structure realizing and determine the 
transfer functions                     ,                     , 
and

• We have already shown
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• From the figure it follows that

and hence
)()()()()( " zSzdzSzkzS 1

1
11

1
12

−− +=+=

)()(
)( "

zD
zd

zX
zS

3

1
1

1

2
−+=

Copyright © 2010, S. K. Mitra23

IIR Tapped Cascaded Lattice IIR Tapped Cascaded Lattice 
StructuresStructures

• From Slide No. 20, we have

• From the last equation we get
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IIR Tapped Cascaded Lattice IIR Tapped Cascaded Lattice 
StructuresStructures

• Substituting                                         and  
in 

we arrive at
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S1(z)
X1(z)

=
1

D3(z)

S2(z)
X1(z)

=
d′′1(z)+ z−1

D3(z)
S3(z)
X1(z)

=
d′2 +d′1z−1 + z−2

D3(z)

余磊 副教授 本科生课程，2018 秋 《数字信号处理》 77 / 113



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Gray-Markel Method

IIR 抽头级联格型结构实现: Yo
X1

= H(z)
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IIR Tapped Cascaded Lattice IIR Tapped Cascaded Lattice 
StructuresStructures

• In the first step, we form a 3rd-order allpass
transfer function

• Realization of             has been illustrated 
earlier resulting in the structure shown below
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IIR Tapped Cascaded Lattice IIR Tapped Cascaded Lattice 
StructuresStructures

• Objective: Sum the independent signal 
variables     ,     ,     , and     with weights          
as shown below to realize the desired 
numerator
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IIR Tapped Cascaded Lattice IIR Tapped Cascaded Lattice 
StructuresStructures

• To this end, we first analyze the cascaded 
lattice structure realizing and determine the 
transfer functions                     ,                     , 
and

• We have already shown
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• From the figure it follows that

and hence
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IIR Tapped Cascaded Lattice IIR Tapped Cascaded Lattice 
StructuresStructures

• From Slide No. 20, we have

• From the last equation we get
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IIR Tapped Cascaded Lattice IIR Tapped Cascaded Lattice 
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• Substituting                                         and  
in 

we arrive at
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=
d′′1(z)+ z−1
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S3(z)
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=
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D3(z)

S2(z)= (k1 + z−1)S1(z)
= (d′′1 + z−1)S1(z)
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IIR 抽头级联格型结构实现: Yo
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= H(z)
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IIR Tapped Cascaded Lattice IIR Tapped Cascaded Lattice 
StructuresStructures

• In the first step, we form a 3rd-order allpass
transfer function

• Realization of             has been illustrated 
earlier resulting in the structure shown below
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IIR Tapped Cascaded Lattice IIR Tapped Cascaded Lattice 
StructuresStructures

• Objective: Sum the independent signal 
variables     ,     ,     , and     with weights          
as shown below to realize the desired 
numerator
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IIR Tapped Cascaded Lattice IIR Tapped Cascaded Lattice 
StructuresStructures

• To this end, we first analyze the cascaded 
lattice structure realizing and determine the 
transfer functions                     ,                     , 
and

• We have already shown
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• From the figure it follows that

and hence
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• From Slide No. 20, we have

• From the last equation we get
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• Substituting                                         and  
in 

we arrive at
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S2(z)= (d′′1 + z−1)S1(z)
S3(z)= d′2W2(z)+ z−1S2(z)
S1(z)= W2(z)−d′′1z−1S1(z)
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IIR 抽头级联格型结构实现: Yo
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= H(z)
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IIR Tapped Cascaded Lattice IIR Tapped Cascaded Lattice 
StructuresStructures

• In the first step, we form a 3rd-order allpass
transfer function

• Realization of             has been illustrated 
earlier resulting in the structure shown below
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• Objective: Sum the independent signal 
variables     ,     ,     , and     with weights          
as shown below to realize the desired 
numerator
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IIR Tapped Cascaded Lattice IIR Tapped Cascaded Lattice 
StructuresStructures

• To this end, we first analyze the cascaded 
lattice structure realizing and determine the 
transfer functions                     ,                     , 
and

• We have already shown

)(/)( zXzS 11 )(/)( zXzS 12
)(/)( zXzS 13

)()(
)(

zDzX
zS

31

1 1
=

z–1

–k2

k2

z–1

–k3

k3

z–1

A3(z)
–k1

k1

S3 S2 S1

1W2W3W

Copyright © 2010, S. K. Mitra22

IIR Tapped Cascaded Lattice IIR Tapped Cascaded Lattice 
StructuresStructures

• From the figure it follows that
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• From Slide No. 20, we have

• From the last equation we get
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• Substituting                                         and  
in 

we arrive at
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输入输出关系为

Yo
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= α1
Y1(z)
X1(z)

+α2
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+α3
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X1(z)

+α4
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=
P3(z)
D3(z)
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D3(z)
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根据对应关系可以写出 αi 与 p0,p1, ...,p3 之间的关系

α1d3 +α2d′2 +α3d′′1 +α4 = p0
α1d2 +α2d′1 +α3 = p1

α1d1 +α2 = p2
α1 = p3

求解上述关于 αi 的方程得到

α1 = p3
α2 = p2−α1d1
α3 = p1−α1d2−α2d′1
α4 = p0−α1d3−α2d′2−α3d′′1
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IIR Cascaded Lattice Structures

H(z) = PM(z)
DM(z)

IIR 级联格型结构的实现方法：

1 利用级联格型结构实现全通函数 AM(z) = z−MDM(z−1)
DM(z)

2 反馈线上抽头加权输出，加权系数可以由 Gray-Markel 方法计算出来

4

Copyright © 2010, S. K. Mitra19

IIR Tapped Cascaded Lattice IIR Tapped Cascaded Lattice 
StructuresStructures

• In the first step, we form a 3rd-order allpass
transfer function

• Realization of             has been illustrated 
earlier resulting in the structure shown below

)(3 zA
)()()()()( 3

1
3

3
113 zD/zDzzX/zYz −−==A

z–1

–k2

k2

z–1

–k3

k3

z–1

A3(z)
–k1

k1

S3 S2 S1

1W2W3W
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IIR Tapped Cascaded Lattice IIR Tapped Cascaded Lattice 
StructuresStructures

• Objective: Sum the independent signal 
variables     ,     ,     , and     with weights          
as shown below to realize the desired 
numerator

1Y 1S 2S 3S }{ iα

)(zP3

–k2

k2

–k3

k3

–k1

k1

S3
Y1

Yo

X1

α1 α2 α3 α4

S2
S1

W3 W2 W1

z 1
_

z 1
_

z 1
_
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IIR Tapped Cascaded Lattice IIR Tapped Cascaded Lattice 
StructuresStructures

• To this end, we first analyze the cascaded 
lattice structure realizing and determine the 
transfer functions                     ,                     , 
and

• We have already shown

)(/)( zXzS 11 )(/)( zXzS 12
)(/)( zXzS 13

)()(
)(

zDzX
zS

31

1 1
=

z–1

–k2

k2

z–1

–k3

k3

z–1

A3(z)
–k1

k1

S3 S2 S1

1W2W3W
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IIR Tapped Cascaded Lattice IIR Tapped Cascaded Lattice 
StructuresStructures

• From the figure it follows that

and hence
)()()()()( " zSzdzSzkzS 1

1
11

1
12

−− +=+=

)()(
)( "

zD
zd

zX
zS

3

1
1

1

2
−+=

Copyright © 2010, S. K. Mitra23

IIR Tapped Cascaded Lattice IIR Tapped Cascaded Lattice 
StructuresStructures

• From Slide No. 20, we have

• From the last equation we get

)()()( 1
1"

12 zSzdzS −+=
)()()( 2

1
2'23 zSzzWdzS −+=

)()()( 1
1"

121 zSzdzWzS −−=

)()1()( 1
1"

12 zSzdzW −+=
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IIR Tapped Cascaded Lattice IIR Tapped Cascaded Lattice 
StructuresStructures

• Substituting                                         and  
in 

we arrive at

)()1()( 1
1"

12 zSzdzW −+=
)()()( 1

1"
12 zSzdzS −+=

)()()( 2
1

2'23 zSzzWdzS −+=

)()()()1()( 1
1"

1
1

1
1"

1'23 zSzdzzSzddzS −−− +++=

)(])1([ 1
21'

2
"
1

'
2 zSzzddd −− +++=
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Example

IIR 级联格型结构实现

H(z) = P3(z)
D3(z)

=
0.44z−1 +0.362z−2 +0.02z−3

1+0.4z−1 +0.18z−2−0.2z−3

构造全通函数 A3(z)⇒ 全通函数的格型结构实现

A3(z) =
z−3D3(z−1)

D3(z)
=
−0.2+0.18z−1 +0.04z−2 + z−3

1+0.4z−1 +0.18z−2−0.2z−3

6
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IIR Tapped Cascaded Lattice IIR Tapped Cascaded Lattice 
StructuresStructures

• Example - Consider

• The corresponding intermediate allpass
transfer function is given by

32

321

3

3
2.018.04.01

02.0362.044.0
)(
)()(

1 −−

−−−

−++
++==

− zzz
zzz

zD
zPzH

321

321

3

1
3

3

3 20180401
40018020

)(
)()( −−−
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−++
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==
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IIR Tapped Cascaded Lattice IIR Tapped Cascaded Lattice 
StructuresStructures

• The allpass transfer function             was 
realized earlier in the cascaded lattice form 
as shown below

• In the figure,
2708333.0,2.0 '

2233 ==−== dkdk
3573771.0"

11 == dk

)(3 zA

z–1

–k2

k2

z–1

–k3

k3

z–1

A3(z)
–k1

k1

S3 S2 S1

1W2W3W
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IIR Tapped Cascaded Lattice IIR Tapped Cascaded Lattice 
StructuresStructures

• Other pertinent coefficients are:

• Substituting these coefficients in

4541667.0,2.0,18.0,4.0 '
1321 =−=== dddd

,02.0,36.0,44.0,0 3210 ==== pppp

31 p=α

"'
13223104 dddp αααα −−−=

'
122113 ddp ααα −−=

1122 dp αα −=
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IIR Tapped Cascaded Lattice IIR Tapped Cascaded Lattice 
StructuresStructures

• The final realization is as shown below

352.0,02.0 21 =α=α
19016.0,2765333.0 43 −=α=α

2.0,2708333.0,3573771.0 321 −=== kkk

–k2

k2

–k3

k3

–k1

k1

S3
Y1

Yo

X1

α1 α2 α3 α4

S2
S1

W3 W2 W1

z 1
_

z 1
_

z 1
_
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Tapped Cascaded Lattice Tapped Cascaded Lattice 
Realization Using MATLABRealization Using MATLAB

• Both the pole-zero and the all-pole IIR 
cascaded lattice structures can be developed 
from their prescribed transfer functions 
using the M-file tf2latc

• To this end, Program 6_4 can be employed

Copyright © 2010, S. K. Mitra36

Tapped Cascaded Lattice Tapped Cascaded Lattice 
Realization Using MATLABRealization Using MATLAB

• The M-file latc2tf implements the 
reverse process and can be used to verify 
the structure developed using tf2latc

• To this end, Program 8_5 can be employed

k3 = d3 =−0.2,k2 = d′2 = 0.271,k1 = d′′1 = 0.357
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Example

H(z) = P3(z)
D3(z)

=
0.44z−1 +0.362z−2 +0.02z−3

1+0.4z−1 +0.18z−2−0.2z−3

4
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IIR Tapped Cascaded Lattice IIR Tapped Cascaded Lattice 
StructuresStructures

• In the first step, we form a 3rd-order allpass
transfer function

• Realization of             has been illustrated 
earlier resulting in the structure shown below

)(3 zA
)()()()()( 3

1
3

3
113 zD/zDzzX/zYz −−==A
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S3 S2 S1

1W2W3W

Copyright © 2010, S. K. Mitra20

IIR Tapped Cascaded Lattice IIR Tapped Cascaded Lattice 
StructuresStructures

• Objective: Sum the independent signal 
variables     ,     ,     , and     with weights          
as shown below to realize the desired 
numerator

1Y 1S 2S 3S }{ iα

)(zP3

–k2

k2

–k3

k3
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k1

S3
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Yo

X1
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W3 W2 W1

z 1
_

z 1
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z 1
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IIR Tapped Cascaded Lattice IIR Tapped Cascaded Lattice 
StructuresStructures

• To this end, we first analyze the cascaded 
lattice structure realizing and determine the 
transfer functions                     ,                     , 
and

• We have already shown

)(/)( zXzS 11 )(/)( zXzS 12
)(/)( zXzS 13

)()(
)(

zDzX
zS

31

1 1
=

z–1
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k2

z–1

–k3

k3

z–1

A3(z)
–k1

k1

S3 S2 S1

1W2W3W
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IIR Tapped Cascaded Lattice IIR Tapped Cascaded Lattice 
StructuresStructures

• From the figure it follows that

and hence
)()()()()( " zSzdzSzkzS 1

1
11

1
12

−− +=+=

)()(
)( "

zD
zd

zX
zS

3

1
1

1
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IIR Tapped Cascaded Lattice IIR Tapped Cascaded Lattice 
StructuresStructures

• From Slide No. 20, we have

• From the last equation we get

)()()( 1
1"

12 zSzdzS −+=
)()()( 2

1
2'23 zSzzWdzS −+=

)()()( 1
1"

121 zSzdzWzS −−=

)()1()( 1
1"

12 zSzdzW −+=
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IIR Tapped Cascaded Lattice IIR Tapped Cascaded Lattice 
StructuresStructures

• Substituting                                         and  
in 

we arrive at

)()1()( 1
1"

12 zSzdzW −+=
)()()( 1

1"
12 zSzdzS −+=

)()()( 2
1

2'23 zSzzWdzS −+=

)()()()1()( 1
1"

1
1

1
1"

1'23 zSzdzzSzddzS −−− +++=

)(])1([ 1
21'

2
"
1

'
2 zSzzddd −− +++=

计算抽头权重
α1 = p3 = 0.02
α2 = p2−α1d1 = 0.352
α3 = p1−α1d2−α2d′1 = 0.277
α4 = p0−α1d3−α2d′2−α3d′′1 =−0.190
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Outline

1 数字滤波器的结构及框图表示方法

2 FIR 数字滤波器的结构
基本结构：直接型、级联型、并联型
线性相位结构
抽头延迟器

3 IIR 数字滤波器的结构

4 全通滤波器结构
基于乘法器提取法的实现
基于二端口网络提取法的实现

5 级联格型结构
IIR 级联格型结构
FIR 级联格型结构

6 可调谐 IIR 数字滤波器

7 数字滤波器的实现
实现复杂度
乘法器量化
灵敏度
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FIR Cascaded Lattice Structures

级联格型结构同时实现两个 FIR 系统 HN(z) 和 GN(z)

7

Copyright © 2010, S. K. Mitra37

FIR Cascaded Lattice FIR Cascaded Lattice 
StructuresStructures

Pair of Arbitrary FIR Transfer Functions
• A pair of transfer functions,          and              

is realized using the structure shown below 
where 

YN(z)YN–1(z)

XN(z)
XN–1(z)X3(z)X2(z)X1(z)X0(z)

Y1(z) Y2(z) Y3(z)
↑ ↑ ↑ ↑

↓

z 1
_

z 1
_

z 1
_

z 1
_

↑

γ1

δ1 δ2

γ 2 γ 3 γN

δ3 δN

δ0

γ0

↑
Y0(z)

Xin(z)

)(zHi )(zGi

)()/()( zXzXzH inii =
)()/()( zXzYzG inii =
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FIR Cascaded Lattice StructuresFIR Cascaded Lattice Structures
• Let

• Given           and          of order i for             , 
the objective is to select the values of the   
lattice parameters      and      of the i-th stage 
appropriately so that               and                
are of one order lower

,zazazaazH ii
i

iii
i

−−− ++++= )(2)(
2

1)(
1

)(
0)( K

,zbzbzbbzG ii
i

iii
i

−−− ++++= )(2)(
2

1)(
1

)(
0)( K

)(zHi )(zGi 1≤≤ iN

)(1 zHi− )(1 zGi−
iδ iγ
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FIR Cascaded Lattice StructuresFIR Cascaded Lattice Structures

• It follows from the proposed structure that

• Solving the above equations we get

where

)()()( 1
1

1 zGzzHzH iiii −
−

− δ+=
)()()( 1

1
1 zGzzHzG iiii −

−
− +γ=

)]()([)(1 zGzHKzH iiiii δ−=−
)]()([)(1 zHzGzKzG iiiii γ−=−

ii
iK γδ−=1

1
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FIR Cascaded Lattice StructuresFIR Cascaded Lattice Structures

• By substituting the expressions for             
and           we get after some algebra

• It follows from the above equation is that if 
we choose                     , then               will 
be an FIR transfer function of order

)(zHi
)(zGi
( ) ( ) +δ−+δ−= −

−
1)(

1
)(

1
)(

0
)(

01 [)( zbabaKzH i
i

ii
i

i
ii

( ) ])()( ii
ii

i
i zba −δ−+K

)()( i
i

i
ii b/a=δ )(1 zHi−

1−i
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FIR Cascaded Lattice StructuresFIR Cascaded Lattice Structures

• Likewise, it follows from the above 
equation is that if we choose                     , 
then               will be an FIR transfer 
function of order

( ) ( ) +γ−+γ−= −
−

1)(
1

)(
1

)(
0

)(
01 [)( zababzKzG i

i
ii

i
i

ii

( ) ])()( ii
ii

i
i zab −γ−+K

)()( i
o

i
oi a/b=γ

)(1 zGi−
1−i
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FIR Cascaded Lattice StructuresFIR Cascaded Lattice Structures

• The realization method begins with i = N
and is then repeated for                             
generating a series of           lower order FIR 
transfer function pairs                         whose 
coefficients are given by

,i,,N,Ni K21 −−=
1−N

)}()({ zG,zH ii

][ )1(
1

)1(
1

)( +
+

+
+ δ−= i

ri
i
ri

i
r baKa

][ )1(
1

)1(
1

)( +
+

+
+ γ−= i

ri
i
ri

i
r abKb

ir ≤≤0

两个 FIR 系统

HN(z) =
XN(z)
Xin(z)

GN(z) =
YN(z)
Xin(z)

需要确定乘法器的系数 δi 和 γi
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FIR Cascaded Lattice Structures

第 i 阶和第 i−1 阶 FIR 传输函数的关系

7
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FIR Cascaded Lattice FIR Cascaded Lattice 
StructuresStructures

Pair of Arbitrary FIR Transfer Functions
• A pair of transfer functions,          and              

is realized using the structure shown below 
where 

YN(z)YN–1(z)

XN(z)
XN–1(z)X3(z)X2(z)X1(z)X0(z)

Y1(z) Y2(z) Y3(z)
↑ ↑ ↑ ↑
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z 1
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z 1
_

↑
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δ1 δ2

γ 2 γ 3 γN

δ3 δN
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)()/()( zXzYzG inii =
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FIR Cascaded Lattice StructuresFIR Cascaded Lattice Structures
• Let

• Given           and          of order i for             , 
the objective is to select the values of the   
lattice parameters      and      of the i-th stage 
appropriately so that               and                
are of one order lower
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FIR Cascaded Lattice StructuresFIR Cascaded Lattice Structures

• It follows from the proposed structure that

• Solving the above equations we get

where
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FIR Cascaded Lattice StructuresFIR Cascaded Lattice Structures

• By substituting the expressions for             
and           we get after some algebra

• It follows from the above equation is that if 
we choose                     , then               will 
be an FIR transfer function of order

)(zHi
)(zGi
( ) ( ) +δ−+δ−= −

−
1)(
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1
)(
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)(
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FIR Cascaded Lattice StructuresFIR Cascaded Lattice Structures

• Likewise, it follows from the above 
equation is that if we choose                     , 
then               will be an FIR transfer 
function of order

( ) ( ) +γ−+γ−= −
−

1)(
1

)(
1

)(
0

)(
01 [)( zababzKzG i

i
ii

i
i

ii

( ) ])()( ii
ii

i
i zab −γ−+K

)()( i
o

i
oi a/b=γ

)(1 zGi−
1−i

Copyright © 2010, S. K. Mitra42

FIR Cascaded Lattice StructuresFIR Cascaded Lattice Structures

• The realization method begins with i = N
and is then repeated for                             
generating a series of           lower order FIR 
transfer function pairs                         whose 
coefficients are given by

,i,,N,Ni K21 −−=
1−N

)}()({ zG,zH ii

][ )1(
1

)1(
1

)( +
+

+
+ δ−= i

ri
i
ri

i
r baKa

][ )1(
1

)1(
1

)( +
+

+
+ γ−= i

ri
i
ri

i
r abKb

ir ≤≤0

[
Hi(z)
Gi(z)

]
=

[
1 δiz−1

γi z−1

][
Hi−1(z)
Gi−1(z)

]
[

Hi−1(z)
Gi−1(z)

]
= Ki

[
1 −δi
−zγi z

][
Hi(z)
Gi(z)

]

其中，Ki =
1

1−δiγi
.
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FIR Cascaded Lattice Structures

i 阶 FIR 级联格型结构和 i−1 阶 FIR 级联格型结构

假设

Hi(z) = a(i)0 +a(i)1 z−1 +a(i)2 z−2 + · · ·+a(i)i z−i

Gi(z) = b(i)
0 +b(i)

1 z−1 +b(i)
2 z−2 + · · ·+b(i)

i z−i

那么

Hi−1(z) = Ki

[
(a(i)0 −δib(i)

0 )+(a(i)1 −δib(i)
1 )z−1 + · · ·+ (a(i)i −δib(i)

i ) z−i
]

Gi−1(z) = Kiz
[
(b(i)

0 − γia(i)0 ) +(b(i)
1 − γia(i)1 )z−1 + · · ·+(b(i)

i − γia(i)i )z−i
]
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FIR Cascaded Lattice Structures

i 阶 FIR 级联格型结构和 i−1 阶 FIR 级联格型结构

假设

Hi(z) = a(i)0 +a(i)1 z−1 +a(i)2 z−2 + · · ·+a(i)i z−i

Gi(z) = b(i)
0 +b(i)

1 z−1 +b(i)
2 z−2 + · · ·+b(i)

i z−i

那么

Hi−1(z) = Ki

[
(a(i)0 −δib(i)

0 )+(a(i)1 −δib(i)
1 )z−1 + · · ·+ (a(i)i −δib(i)

i ) z−i
]

Gi−1(z) = Kiz
[
(b(i)

0 − γia(i)0 ) +(b(i)
1 − γia(i)1 )z−1 + · · ·+(b(i)

i − γia(i)i )z−i
]

= 0

= 0
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FIR Cascaded Lattice Structures

级联格型结构同时实现两个 FIR 系统 HN(z) 和 GN(z)

7
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FIR Cascaded Lattice FIR Cascaded Lattice 
StructuresStructures

Pair of Arbitrary FIR Transfer Functions
• A pair of transfer functions,          and              

is realized using the structure shown below 
where 

YN(z)YN–1(z)

XN(z)
XN–1(z)X3(z)X2(z)X1(z)X0(z)

Y1(z) Y2(z) Y3(z)
↑ ↑ ↑ ↑

↓

z 1
_

z 1
_

z 1
_

z 1
_

↑

γ1

δ1 δ2

γ 2 γ 3 γN

δ3 δN

δ0

γ0

↑
Y0(z)

Xin(z)

)(zHi )(zGi

)()/()( zXzXzH inii =
)()/()( zXzYzG inii =

Copyright © 2010, S. K. Mitra38

FIR Cascaded Lattice StructuresFIR Cascaded Lattice Structures
• Let

• Given           and          of order i for             , 
the objective is to select the values of the   
lattice parameters      and      of the i-th stage 
appropriately so that               and                
are of one order lower

,zazazaazH ii
i

iii
i

−−− ++++= )(2)(
2

1)(
1

)(
0)( K

,zbzbzbbzG ii
i

iii
i

−−− ++++= )(2)(
2

1)(
1

)(
0)( K

)(zHi )(zGi 1≤≤ iN

)(1 zHi− )(1 zGi−
iδ iγ
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FIR Cascaded Lattice StructuresFIR Cascaded Lattice Structures

• It follows from the proposed structure that

• Solving the above equations we get

where

)()()( 1
1

1 zGzzHzH iiii −
−

− δ+=
)()()( 1

1
1 zGzzHzG iiii −

−
− +γ=

)]()([)(1 zGzHKzH iiiii δ−=−
)]()([)(1 zHzGzKzG iiiii γ−=−

ii
iK γδ−=1

1
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FIR Cascaded Lattice StructuresFIR Cascaded Lattice Structures

• By substituting the expressions for             
and           we get after some algebra

• It follows from the above equation is that if 
we choose                     , then               will 
be an FIR transfer function of order

)(zHi
)(zGi
( ) ( ) +δ−+δ−= −

−
1)(

1
)(

1
)(

0
)(

01 [)( zbabaKzH i
i

ii
i

i
ii

( ) ])()( ii
ii

i
i zba −δ−+K

)()( i
i

i
ii b/a=δ )(1 zHi−

1−i
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FIR Cascaded Lattice StructuresFIR Cascaded Lattice Structures

• Likewise, it follows from the above 
equation is that if we choose                     , 
then               will be an FIR transfer 
function of order

( ) ( ) +γ−+γ−= −
−

1)(
1

)(
1

)(
0

)(
01 [)( zababzKzG i

i
ii

i
i

ii

( ) ])()( ii
ii

i
i zab −γ−+K

)()( i
o

i
oi a/b=γ

)(1 zGi−
1−i
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FIR Cascaded Lattice StructuresFIR Cascaded Lattice Structures

• The realization method begins with i = N
and is then repeated for                             
generating a series of           lower order FIR 
transfer function pairs                         whose 
coefficients are given by

,i,,N,Ni K21 −−=
1−N

)}()({ zG,zH ii

][ )1(
1

)1(
1

)( +
+

+
+ δ−= i

ri
i
ri

i
r baKa

][ )1(
1

)1(
1

)( +
+

+
+ γ−= i

ri
i
ri

i
r abKb

ir ≤≤0

其中的系数为

δi =
a(i)i
b(i)

i

γi =
b(i)

0

a(i)0
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Example

FIR 系统 HN(z) 和 GN(z) 的级联格型结构实现

H4(z) = 2+20z−1−83z−2−10z−3 +2z−4

G4(z) = 10+34z−1−107z−2−17z−3−z−4

4 阶 →3 阶

δ4 =
a(4)4
b(4)

4
=

2
−1 =−2,

γ4 =
b(4)

0

a(4)0
=

10
2 = 5

K4 =
1

1−δ4γ4
=

1
1+10 =

1
11
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Example

3 阶 FIR 滤波器

H3(z) = 2+8z−1−27z−2−4z−3

G3(z) =−6+28z−1 +3z−2−z−3

3 阶 →2 阶

δ3 =
a(3)3

b(3)
3

=
−4
−1 = 4,

γ3 =
b(3)

0

a(3)0
=
−6
2 =−3

K3 =
1

1−δ3γ3
=

1
1+12 =

1
13
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Example

2 阶 FIR 滤波器

H2(z) = 2−8z−1−3z−2

G2(z) = 4−6z−1−z−2

2 阶 →1 阶

δ2 =
a(2)2
b(2)

2
=
−3
−1 = 3,

γ2 =
b(2)

0

a(2)0
=

4
2 = 2
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Example

1 阶 FIR 滤波器

H1(z) = 2−2z−1

G1(z) =−2−z−1

1 阶 →0 阶

δ1 =
a(1)1
b(1)

1
=
−2
−1 = 2,

γ1 =
b(1)

0

a(1)0
=
−2
2 =−1

⇒
δ0 = H0(z) = a(1)0 = 2

γ0 = G0(z) = b(1)
1 =−1

8
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FIR Cascaded Lattice StructuresFIR Cascaded Lattice Structures

• The procedure ends after we have arrived at 
the first-order FIR transfer function pair

• Finally, the two scaling multipliers at the 
input are given by

)}()({ 11 zG,zH

( ))1(
01

)1(
0100 )( baKzH δ−==δ

( ))1(
01

)1(
0100 )( abKzG γ−==γ 11

1 1
1
γδ−=K

,

,
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FIR Cascaded Lattice StructuresFIR Cascaded Lattice Structures

• Example – Consider

• The pertinent parameters of the 4-th stage are

4321
4 21083202)( −−−− +−−+= zzzzzH

4321
4 171073410)( −−−− −−−+= zzzzzG

2
1

2
)4(

4

)4(
4

4 −=
−

==δ
b
a

5
2

10
)4(

0

)4(
0

4 ===γ
a
b,

11
1

44
4 101

1
1

1 =
+

=
γδ−

=K
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FIR Cascaded Lattice StructuresFIR Cascaded Lattice Structures

• Hence

• The pertinent parameters of the 3-rd stage are

321
3 42782)( −−− −−+= zzzzH

321
3 3286)( −−− −++−= zzzzG

4
1
4

)3(
3

)3(
3

3 =
−
−

==δ
b
a , 3

2
6

)3(
0

)3(
0

3 −=
−

==γ
a
b

13
1

33
3 121

1
1

1 =
+

=
γδ−

=K
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FIR Cascaded Lattice StructuresFIR Cascaded Lattice Structures

• The transfer function pair of the 2-nd stage 
and its corresponding lattice parameters are:

21
2 382)( −− −−= zzzH

21
2 64)( −− −−= zzzG

3
1
3

)2(
2

)2(
2

2 =
−
−==δ

b
a

2
2
4

)2(
0

)2(
0

2 ===γ
a
b
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FIR Cascaded Lattice StructuresFIR Cascaded Lattice Structures

• Finally, the transfer function pair of the 1-st 
stage and its corresponding lattice 
parameters are:

1
1 22)( −−= zzH

1
1 2)( −−−= zzG

2
1
2

)1(
1

)1(
1

1 =
−
−

==δ
b
a

1
2
2

)1(
0

)1(
0

1 −=
−

==γ
a
b
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FIR Cascaded Lattice StructuresFIR Cascaded Lattice Structures

• The scaling multipliers at the input are

• The final realization is thus as shown below
Xin(z)

z 1
_

z 1
_

z 1
_

z 1
_

4X  (z)

4Y (z)

2

2 3

_32

4 _ 2

5_1
_1

2)( )1(
000 ===δ azH

1)( )1(
100 −===γ bzG
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Outline

1 数字滤波器的结构及框图表示方法

2 FIR 数字滤波器的结构
基本结构：直接型、级联型、并联型
线性相位结构
抽头延迟器

3 IIR 数字滤波器的结构

4 全通滤波器结构
基于乘法器提取法的实现
基于二端口网络提取法的实现

5 级联格型结构
IIR 级联格型结构
FIR 级联格型结构

6 可调谐 IIR 数字滤波器

7 数字滤波器的实现
实现复杂度
乘法器量化
灵敏度
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Tunable IIR Digital Filters

利用全通函数可以实现其他滤波器
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Realize lowpass/highpass filter via Allpass filter

1 阶低通滤波器：
HLP(z) =

1−α
2

( 1+ z−1

1−αz−1

)
1 阶高通滤波器：

HHP(z) =
1+α

2

( 1−z−1

1−αz−1

)
可以得出 (A1(z) =

−α + z−1

1−αz−1 )

HLP(z) =
1
2 [1+A1(z)]

HHP(z) =
1
2 [1−A1(z)]

1

Copyright © 2010, S. K. Mitra1

Tunable IIR Digital FiltersTunable IIR Digital Filters

• We have described earlier two 1st-order and 
two 2nd-order IIR digital transfer functions 
with tunable frequency response 
characteristics

• We shall show now that these transfer 
functions can be realized easily using 
allpass structures providing independent 
tuning of the filter parameters

Copyright © 2010, S. K. Mitra2

Tunable Tunable LowpassLowpass and and 
HighpassHighpass Digital FiltersDigital Filters

• We have shown earlier that the 1st-order 
lowpass transfer function 

and the 1st-order highpass transfer function  

are doubly-complementary pair

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
α−
−α+= −

−

1

1

1
1

2
1)(

z
zzHHP

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

α−
+α−

= −

−

1

1

1
1

2
1)(

z
zzHLP
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Tunable Tunable LowpassLowpass and and 
HighpassHighpass Digital FiltersDigital Filters

• Moreover, they can be expressed as

where

is a 1st-order allpass transfer function
1

1

1 1
)( −

−

α−
+α−

=
z
zzA

)](1[)( 12
1 zzHLP += A

)](1[)( 12
1 zzHHP −= A
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Tunable Tunable LowpassLowpass and and 
HighpassHighpass Digital FiltersDigital Filters

• A realization of              and               based 
on the allpass-based decomposition is 
shown below

• The 1st-order allpass filter can be realized 
using any one of the 4 single-multiplier 
allpass structures described earlier

)(zHLP )(zHHP

+

+
1
2
_ LPH    (z)

HPH    (z)A  (z)1 _1
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Tunable Tunable LowpassLowpass and and 
HighpassHighpass Digital FiltersDigital Filters

• One such realization is shown below in 
which the 3-dB cutoff frequency of both 
lowpass and highpass filters can be varied 
simultaneously by changing the multiplier 
coefficient α

+

+
1
2
_

_1

H    (z)LP

H    (z)HP++

+_1z

_1

_ α
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Tunable Tunable LowpassLowpass and and 
HighpassHighpass Digital FiltersDigital Filters

• Figure below shows the composite 
magnitude responses of the two filters for 
two different values of α

0 0.2 0.4 0.6 0.8 1
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Realize lowpass/highpass filter via Allpass filter

滤波器的截止频率可以通过 α 的值来确定

1
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Tunable IIR Digital FiltersTunable IIR Digital Filters

• We have described earlier two 1st-order and 
two 2nd-order IIR digital transfer functions 
with tunable frequency response 
characteristics

• We shall show now that these transfer 
functions can be realized easily using 
allpass structures providing independent 
tuning of the filter parameters
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Tunable Tunable LowpassLowpass and and 
HighpassHighpass Digital FiltersDigital Filters

• We have shown earlier that the 1st-order 
lowpass transfer function 

and the 1st-order highpass transfer function  

are doubly-complementary pair

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
α−
−α+= −

−

1

1

1
1

2
1)(

z
zzHHP

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

α−
+α−

= −

−

1

1

1
1

2
1)(

z
zzHLP
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Tunable Tunable LowpassLowpass and and 
HighpassHighpass Digital FiltersDigital Filters

• Moreover, they can be expressed as

where

is a 1st-order allpass transfer function
1

1

1 1
)( −

−

α−
+α−

=
z
zzA

)](1[)( 12
1 zzHLP += A

)](1[)( 12
1 zzHHP −= A
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Tunable Tunable LowpassLowpass and and 
HighpassHighpass Digital FiltersDigital Filters

• A realization of              and               based 
on the allpass-based decomposition is 
shown below

• The 1st-order allpass filter can be realized 
using any one of the 4 single-multiplier 
allpass structures described earlier

)(zHLP )(zHHP

+

+
1
2
_ LPH    (z)

HPH    (z)A  (z)1 _1
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Tunable Tunable LowpassLowpass and and 
HighpassHighpass Digital FiltersDigital Filters

• One such realization is shown below in 
which the 3-dB cutoff frequency of both 
lowpass and highpass filters can be varied 
simultaneously by changing the multiplier 
coefficient α

+

+
1
2
_

_1

H    (z)LP

H    (z)HP++

+_1z

_1

_ α
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Tunable Tunable LowpassLowpass and and 
HighpassHighpass Digital FiltersDigital Filters

• Figure below shows the composite 
magnitude responses of the two filters for 
two different values of α
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0
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0.4
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不同的 α 对应的幅度响应

1
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Tunable IIR Digital FiltersTunable IIR Digital Filters

• We have described earlier two 1st-order and 
two 2nd-order IIR digital transfer functions 
with tunable frequency response 
characteristics

• We shall show now that these transfer 
functions can be realized easily using 
allpass structures providing independent 
tuning of the filter parameters

Copyright © 2010, S. K. Mitra2

Tunable Tunable LowpassLowpass and and 
HighpassHighpass Digital FiltersDigital Filters

• We have shown earlier that the 1st-order 
lowpass transfer function 

and the 1st-order highpass transfer function  

are doubly-complementary pair

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
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1
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Tunable Tunable LowpassLowpass and and 
HighpassHighpass Digital FiltersDigital Filters

• Moreover, they can be expressed as

where

is a 1st-order allpass transfer function
1

1

1 1
)( −

−

α−
+α−

=
z
zzA

)](1[)( 12
1 zzHLP += A

)](1[)( 12
1 zzHHP −= A
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Tunable Tunable LowpassLowpass and and 
HighpassHighpass Digital FiltersDigital Filters

• A realization of              and               based 
on the allpass-based decomposition is 
shown below

• The 1st-order allpass filter can be realized 
using any one of the 4 single-multiplier 
allpass structures described earlier

)(zHLP )(zHHP

+

+
1
2
_ LPH    (z)

HPH    (z)A  (z)1 _1
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Tunable Tunable LowpassLowpass and and 
HighpassHighpass Digital FiltersDigital Filters

• One such realization is shown below in 
which the 3-dB cutoff frequency of both 
lowpass and highpass filters can be varied 
simultaneously by changing the multiplier 
coefficient α

+

+
1
2
_

_1

H    (z)LP

H    (z)HP++

+_1z

_1

_ α
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Tunable Tunable LowpassLowpass and and 
HighpassHighpass Digital FiltersDigital Filters

• Figure below shows the composite 
magnitude responses of the two filters for 
two different values of α
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Realize bandpass/bandstop via Allpass filter

2 阶带通传输函数：

HBP(z) =
1−α

2

( 1−z2

1−β(1+α)z−1 +αz−2

)
2 阶带阻传输函数：

HBS(z) =
1+α

2

( 1−βz−1 + z2

1−β(1+α)z−1 +αz−2

)

可以得出 (A2(z) =
α−β(1+α)z−1 + z−2

1−β(1+α)z−1 +αz−2 )

HBP(z) =
1
2 [1+A2(z)]

HBS(z) =
1
2 [1−A2(z)]

2
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Tunable Tunable BandpassBandpass and and 
BandstopBandstop Digital FiltersDigital Filters

• The 2nd-order bandpass transfer function 

and the 2nd-order bandstop transfer 
function

also form a doubly-complementary pair
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Tunable Tunable BandpassBandpass and and 
BandstopBandstop Digital FiltersDigital Filters

• Thus, they can be expressed in the form

where

is a 2nd-order allpass transfer function

)](1[)( 22
1 zzHBP −= A

)](1[)( 22
1 zzHBS += A

21

21

2
)1(1

)1()( −−

−−

α+α+β−
+α+β−α

=
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zzzA
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Tunable Tunable BandpassBandpass and and 
BandstopBandstop Digital FiltersDigital Filters

• A realization of              and               based 
on the allpass-based decomposition is 
shown below

• The 2nd-order allpass filter is realized using 
a cascaded single-multiplier lattice structure

)(zHBP )(zHBS

+

+
1
2
_

A  (z)2 _1

H    (z)BS

H    (z)BP
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Tunable Tunable BandpassBandpass and and 
BandstopBandstop Digital FiltersDigital Filters

• The final structure is as shown below

• In the above structure, the multiplier β
controls the center frequency and the 
multiplier α controls the 3-dB bandwidth

+ +

1
2
_
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++ +
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α
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_β

Bandpass
output

output
Bandstop
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Tunable Tunable BandpassBandpass and and 
BandstopBandstop Digital FiltersDigital Filters

• Figure below illustrates the parametric 
tuning property of the overall structure
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IIR Tapped Cascaded Lattice IIR Tapped Cascaded Lattice 
StructuresStructures

Realization of an All-pole IIR Transfer 
Function

• Consider the cascaded lattice structure 
derived earlier for the realization of an 
allpass transfer function
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Realize bandpass/bandstop via Allpass filter

滤波器可以通过 β 确定截止频率,α 确定 3-dB 带宽
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Tunable Tunable BandpassBandpass and and 
BandstopBandstop Digital FiltersDigital Filters

• The 2nd-order bandpass transfer function 

and the 2nd-order bandstop transfer 
function

also form a doubly-complementary pair

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
α+α+β−

−α−= −−

−

21

2

)1(1
1

2
1)(

zz
zzHBP

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
α+α+β−

+β−α+= −−

−−

21

21

)1(1
1

2
1)(

zz
zzzHBS

Copyright © 2010, S. K. Mitra8

Tunable Tunable BandpassBandpass and and 
BandstopBandstop Digital FiltersDigital Filters

• Thus, they can be expressed in the form

where

is a 2nd-order allpass transfer function
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Tunable Tunable BandpassBandpass and and 
BandstopBandstop Digital FiltersDigital Filters

• A realization of              and               based 
on the allpass-based decomposition is 
shown below

• The 2nd-order allpass filter is realized using 
a cascaded single-multiplier lattice structure
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Tunable Tunable BandpassBandpass and and 
BandstopBandstop Digital FiltersDigital Filters

• The final structure is as shown below

• In the above structure, the multiplier β
controls the center frequency and the 
multiplier α controls the 3-dB bandwidth
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Tunable Tunable BandpassBandpass and and 
BandstopBandstop Digital FiltersDigital Filters

• Figure below illustrates the parametric 
tuning property of the overall structure
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IIR Tapped Cascaded Lattice IIR Tapped Cascaded Lattice 
StructuresStructures

Realization of an All-pole IIR Transfer 
Function

• Consider the cascaded lattice structure 
derived earlier for the realization of an 
allpass transfer function
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不同的 α 和 β 对应的幅度响应
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Tunable Tunable BandpassBandpass and and 
BandstopBandstop Digital FiltersDigital Filters

• The 2nd-order bandpass transfer function 

and the 2nd-order bandstop transfer 
function

also form a doubly-complementary pair
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• Thus, they can be expressed in the form

where

is a 2nd-order allpass transfer function
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Tunable Tunable BandpassBandpass and and 
BandstopBandstop Digital FiltersDigital Filters

• A realization of              and               based 
on the allpass-based decomposition is 
shown below

• The 2nd-order allpass filter is realized using 
a cascaded single-multiplier lattice structure
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Tunable Tunable BandpassBandpass and and 
BandstopBandstop Digital FiltersDigital Filters

• The final structure is as shown below

• In the above structure, the multiplier β
controls the center frequency and the 
multiplier α controls the 3-dB bandwidth
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Tunable Tunable BandpassBandpass and and 
BandstopBandstop Digital FiltersDigital Filters

• Figure below illustrates the parametric 
tuning property of the overall structure
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IIR Tapped Cascaded Lattice IIR Tapped Cascaded Lattice 
StructuresStructures

Realization of an All-pole IIR Transfer 
Function

• Consider the cascaded lattice structure 
derived earlier for the realization of an 
allpass transfer function
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Outline

1 数字滤波器的结构及框图表示方法

2 FIR 数字滤波器的结构
基本结构：直接型、级联型、并联型
线性相位结构
抽头延迟器

3 IIR 数字滤波器的结构

4 全通滤波器结构
基于乘法器提取法的实现
基于二端口网络提取法的实现

5 级联格型结构
IIR 级联格型结构
FIR 级联格型结构

6 可调谐 IIR 数字滤波器

7 数字滤波器的实现
实现复杂度
乘法器量化
灵敏度
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1 数字滤波器的结构及框图表示方法

2 FIR 数字滤波器的结构
基本结构：直接型、级联型、并联型
线性相位结构
抽头延迟器

3 IIR 数字滤波器的结构

4 全通滤波器结构
基于乘法器提取法的实现
基于二端口网络提取法的实现

5 级联格型结构
IIR 级联格型结构
FIR 级联格型结构

6 可调谐 IIR 数字滤波器

7 数字滤波器的实现
实现复杂度
乘法器量化
灵敏度
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几种 FIR 数字滤波器结构的复杂度比较
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1 数字滤波器的结构及框图表示方法

2 FIR 数字滤波器的结构
基本结构：直接型、级联型、并联型
线性相位结构
抽头延迟器

3 IIR 数字滤波器的结构

4 全通滤波器结构
基于乘法器提取法的实现
基于二端口网络提取法的实现

5 级联格型结构
IIR 级联格型结构
FIR 级联格型结构

6 可调谐 IIR 数字滤波器

7 数字滤波器的实现
实现复杂度
乘法器量化
灵敏度
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实际系统中实现 IIR 滤波器

F 二阶 IIR 数字滤波器框图

F 乘法器系数的量化误差：

b̂n = bn +∆bn, ân = an +∆an

F 量化误差对滤波器的频率响应会产生影响，不同结构的滤波器影响不同。
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级联型 or 直接型

分母多项式 D(z) 通过因式分解，可以分解成多个二阶多项式 (SOS) 的级联形式

H(z) = P(z)
D(z) =

P1(z)P2(z)P3(z)
D1(z)D2(z)D3(z)D4(z)

例子：

D(z) =1−3.76z−1 +8.2z−2−11.85z−3 + 12.33 z−4−

9.3z−5 +4.98z−6−1.74z−7 + 0.32 z−8

分解后：

D1(z) = 1−0.74z−1 +0.8610z−2

D2(z) = 1−1.04z−1 +0.7062z−2

D3(z) = 1− 1.37 z−1 + 0.5431 z−2

D4(z) = 1−0.61z−1 +0.9605z−2

动态范围大大减小，那么可以减小量化步长。
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级联型 or 直接型

8 6
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幅度谱

直接型 IIR 结构 级联型 IIR 结构
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两种不同的 IIR 滤波器结构实现形式

4

Copyright © 2010, S. K. Mitra19

Cascade Form IIR Digital Cascade Form IIR Digital 
Filter StructuresFilter Structures

• Example - Direct form II and cascade form
realizations of

are shown on the next slide
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Cascade Form IIR Digital Cascade Form IIR Digital 
Filter StructuresFilter Structures

Direct form II Cascade form
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Parallel Form IIR Digital Filter Parallel Form IIR Digital Filter 
StructuresStructures

• A partial-fraction expansion of the transfer 
function in        leads to the parallel form I
structure

• Assuming simple poles, the transfer function
H(z) can be expressed as

• In the above for a real pole
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Parallel Form IIR Digital Filter Parallel Form IIR Digital Filter 
StructuresStructures

• A direct partial-fraction expansion of the 
transfer function in z leads to the parallel 
form II structure

• Assuming simple poles, the transfer function
H(z) can be expressed as

• In the above for a real pole
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Parallel Form IIR Digital Filter Parallel Form IIR Digital Filter 
StructuresStructures

• The two basic parallel realizations of a 3rd-
order IIR transfer function are shown below

Parallel form I Parallel form II
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Parallel Form IIR Digital Filter Parallel Form IIR Digital Filter 
StructuresStructures

• Example - A partial-fraction expansion of

in       yields
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尽量使用级联型结构来实现数字滤波器。
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1 数字滤波器的结构及框图表示方法

2 FIR 数字滤波器的结构
基本结构：直接型、级联型、并联型
线性相位结构
抽头延迟器

3 IIR 数字滤波器的结构

4 全通滤波器结构
基于乘法器提取法的实现
基于二端口网络提取法的实现

5 级联格型结构
IIR 级联格型结构
FIR 级联格型结构

6 可调谐 IIR 数字滤波器

7 数字滤波器的实现
实现复杂度
乘法器量化
灵敏度

余磊 副教授 本科生课程，2018 秋 《数字信号处理》
108 /
113



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

直接型 IIR 数字滤波器的实现
对于二阶全极点 IIR 滤波器，其直接 II 型实现为：

1
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Basic IIR Digital Filter Basic IIR Digital Filter 
StructuresStructures

• The causal IIR digital filters we are 
concerned with in this course are 
characterized by a real rational transfer 
function of       or, equivalently by a constant 
real coefficient difference equation

• From the difference equation representation, 
it can be seen that the realization of the 
causal IIR digital filters requires some form 
of feedback

1−z
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Basic IIR Digital Filter Basic IIR Digital Filter 
StructuresStructures

• An N-th order IIR digital transfer function is 
characterized by 2N+1 unique coefficients, 
and in general, requires 2N+1 multipliers 
and 2N two-input adders for implementation

• Direct form IIR filters: Filter structures in 
which the multiplier coefficients are 
precisely the coefficients of the transfer 
function

Copyright © 2010, S. K. Mitra3

Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
StructuresStructures

• Consider for simplicity a 3rd-order IIR filter 
with a transfer function

• We can implement H(z) as a cascade of two 
filter sections as shown on the next slide

3
3

2
2

1
1

3
3

2
2

1
10

1 −−−

−−−

+++
+++==
zdzdzd
zpzpzpp

zD
zPzH
)(
)(

)(

Copyright © 2010, S. K. Mitra4

Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
StructuresStructures

where

3
3

2
2

1
101

−−− +++=== zpzpzppzP
zX
zWzH )(
)(
)(

)(

3
3

2
2

1
1

2
1

11
−−− +++

===
zdzdzdzDzW

zYzH
)()(

)(
)(

X(z) H  (z)1 H  (z)2 Y(z)
W(z)
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Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
StructuresStructures

• The filter section            can be seen to be 
an FIR filter and can be realized as shown 
below

]3[]2[]1[][][ 3210 −+−+−+= nxpnxpnxpnxpnw

)(zH1

+

z 1_

z 1_

z 1_

+

+

x[n] w[n]
p

0

p
1

p
2

p
3
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Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
StructuresStructures

• The time-domain representation of            is 
given by

Realization of                                            
follows from the                                         
above equation                                               
and is shown on                                              
the right

)(zH2

][][][][][ 321 321 −−−−−−= nydnydnydnwny
)(zH2 +

z 1_

w[n]

+

+
z 1_

z 1_

y[n]

y[n   1]_

y[n   2]_ 

y[n   3]_

d_
1

d_
2

d_
3

H(z) = 1
1+Kz−1 +Lz−2

极点位置为：

z1 = rejθ =
−K+

√
K2−4L

2 , z2 = re−jθ =
−K−

√
K2−4L

2
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耦合结构 IIR 数字滤波器的实现

采用耦合结构实现二阶全极点 IIR 滤波器：

2

Copyright © 2010, S. K. Mitra7

Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
StructuresStructures

• A cascade of the two structures realizing      
and            leads to the realization of           
shown below and is known as the direct 
form I structure

)(zH2

)(zH1
)(zH

+

z 1_

+

+

z 1_

z 1_

y[n]

d_
1

d_
2

d_
3

+

+

+

z 1_

z 1_

z 1_

x[n]
p

0

p
1

p
2

p
3
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Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
StructuresStructures

• Note: The direct form I structure is 
noncanonic as it employs 6 delays to realize 
a 3rd-order transfer function

• A transpose of the direct
form I structure is shown 
on the right and is called 
the direct form I 
structure

t

+

+

+

+

+

+

y[n]

d_
1

d_
2

d_
3

x[n]
p

0

p
1

p
2

p
3

z 1_

z 1_

z 1_

z 1_

z 1_

z 1_
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Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
StructuresStructures

• Various other noncanonic direct form 
structures can be derived by simple block 
diagram manipulations as shown below

d_
1

d_
2

d_
3

p
0

p
1

p
2

p
3

+

+
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+

+ +

z 1_
z 1_
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1
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p
0

p
1

p
2

p
3

+

z 1_
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+ +

+

+

1

2

3

1'

2'

3'

x[n] y[n]
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Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
StructuresStructures

• Observe in the direct form structure shown 
below, the signal variable at nodes      and   
are the same, and hence the two top delays 
can be shared

1 '1

d_
1

d_
2

d_
3

z 1_

z 1_

z 1_

+

p
0

p
1

p
2

p
3

+

z 1_

z 1_

z 1_

+ +

+

+

1

2

3

1'

2'

3'

x[n] y[n]
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Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
StructuresStructures

• Likewise, the signal variables at nodes       
and       are the same, permitting the sharing 
of the middle two delays

• Following the same argument, the bottom 
two delays can be shared

• Sharing of all delays reduces the total 
number of delays to 3 resulting in a canonic 
realization shown on the next slide along 
with its transpose structure

2
'2
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Direct Form IIR Digital Filter Direct Form IIR Digital Filter 
StructuresStructures

• Direct form realizations of an N-th order IIR 
transfer function should be evident

Direct Form II Direct Form II t

transpose

d_
1

d_
2

d_
3

+

+ +

p
0

p
1

p
2

p
3

z 1_

z 1_

z 1_

+

++x[n] y[n]

d_
1

d_
2

d_
3

+

+

+

p
0

p
1

p
2

p
3

z 1_

+

z 1_

z 1_

x[n] y[n]

H(z) = β
1−2αz−1 +(α2 +β 2)z−2

极点位置为：
z1 = rejθ = α + jβ , z2 = re−jθ = α− jβ
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5 比特量化零极点的分布

ECE503: Finite Precision Signal Processing

Coupled-Form Second Order Section Pole Locations
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直接型 or 耦合型

F 直接型结构的零极点量化分布：
• z =±j 附近极点密度很高
• z =±1 附近极点密度很低
• 因此，采用直接 II 型结构实现 IIR 低通或者高通滤波器，若极点位置比较靠近 ±1，会导
致很大的误差

F 耦合型结构的零极点量化分布：
• 极点分布在 z-平面是均匀的
• 可以用来实现任意类型的二阶传输函数
• 极点量化误差更容易分析
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Homework

8.13, 8.24, 8.26, 8.53
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