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Outline

1 介绍

2 数字滤波器分类：基于幅度响应
低通、高通、带通、带阻
有界实传输函数
全通滤波器

3 数字滤波器分类：基于相位响应
零相位
线性相位
最大/小相位

4 数字滤波器分类：其他

5 数字滤波器设计方法
IIR 数字滤波器
双线性变换
谱变换

FIR 数字滤波器
加窗冲激响应
窗函数形状

计算机辅助滤波器设计
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LTI 离散时间系统

x[n] h[n] y[n]

LTI

差分方程：
N−1
∑
p=0

dpx[n−p] =
M−1
∑
q=0

aqx[n−q]

冲激响应：

y[n] =
∞

∑
k=−∞

h[k]x[n−k]

传输函数：
Y(z) = H(z)X(z)

余磊 副教授 本科生课程，2018 秋 《数字信号处理》：数字滤波器设计 3 / 192



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

LTI 离散时间系统

x[n] h[n] y[n]

LTI

X(z) H(z) Y(z)

差分方程：
N−1
∑
p=0

dpx[n−p] =
M−1
∑
q=0

aqx[n−q]

冲激响应：

y[n] =
∞

∑
k=−∞

h[k]x[n−k]

传输函数：
Y(z) = H(z)X(z)
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离散时间系统的分类

F 时域分类：根据 LTI 离散时间系统的冲激响应 h[n] 的长度
F 有限长冲激响应系统

F 无限长冲激响应系统

F 频域分类（传输函数）：根据频率响应 H(ejω ) 的幅度谱和相位谱
F 幅度谱：

F 低通、高通、带通、带阻数字滤波器

F 有界实传输函数

F 全通传输函数

F 相位谱：

F 零相位响应

F 线性相位

F 最小/最大相位响应

F 功能分类：根据滤波器的具体功能
F 数字积分器

F 数字微分器
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Outline

1 介绍

2 数字滤波器分类：基于幅度响应
低通、高通、带通、带阻
有界实传输函数
全通滤波器

3 数字滤波器分类：基于相位响应
零相位
线性相位
最大/小相位

4 数字滤波器分类：其他

5 数字滤波器设计方法
IIR 数字滤波器
双线性变换
谱变换

FIR 数字滤波器
加窗冲激响应
窗函数形状

计算机辅助滤波器设计
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低通、高通、带通、带阻
有界实传输函数
全通滤波器

3 数字滤波器分类：基于相位响应
零相位
线性相位
最大/小相位

4 数字滤波器分类：其他

5 数字滤波器设计方法
IIR 数字滤波器
双线性变换
谱变换

FIR 数字滤波器
加窗冲激响应
窗函数形状

计算机辅助滤波器设计
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理想幅度响应数字滤波器

F 数字滤波器：通过幅度谱选择不同频率的信号通过的 LTI 离散时间系统。

F 幅度响应的性质：
F 通带：频率响应等于 1 的频率范围

F 阻带：频率响应等于 0 的频率范围

F 截止频率：ωc

−π −ωc 0 ωc π

|HLP(ejω )|

ω

1
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四类理想低通滤波器

−π −ωc 0 ωc π

|HLP(ejω )|

ω

1

−π −ωc 0 ωc π

1

0

|HHP(ejω )|

ω

−π −ωc2 −ωc1 0 ωc1 ωc2 π

1

0

|HBP(ejω )|

ω
−π −ωc2 −ωc1 0 ωc1 ωc2 π

|HBS(ejω )|

ω

1
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理想数字滤波器的实际实现问题

F 理想低通滤波器

H(ejω ) =

{
1, |ω| ≤ ωc
0, otherwise

F 理想低通滤波器的时域表示

h[n] = IDFT{H(ejω )}= 1
2π

∫ π

−π
H(ejω )ejωndω

=
1

2π

∫ ωc

−ωc
ejωndω =

sinωcn
πn n =−∞, ...,∞

−20 −15 −10 −5 0 5 10 15 20

0

0.1

0.2

F 理想数字滤波器的实现：
F 双边无限长 (n =−∞, ...,∞)

F 有理多项式无法实现（很难找到差分方程表示）

F 时域的性质很差：模糊、振铃效应等等
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可实现的数字滤波器

可实现数字滤波器必须要对理想数字滤波器的指标加以放宽：

1 允许通带波纹（ripples）
2 允许阻带波纹（ripples）
3 允许过渡带（passband）

ω

|H(ejω )|

Passband

Stopband

Transition band
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简单 FIR 低通数字滤波器

F 2 点滑动平均滤波器的冲击响应为

hL[n] = {1/2,1/2}, n = 0,1

−2 2

0.2
0.4
0.6
0.8

1

n

hL[n]

F 对应的 z 变换为
HL(z) = 1/2(1+ z−1) =

z+1
2z

F 频率响应为
HL(ejω ) = e−jω/2 cos(ω/2)

−1 1 2

−1

1

Re(z)

Im(z)

−0.5

0.5

1

−π 0 π
ω

|HL(ejω )|
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简单 FIR 高通数字滤波器

F 2 点滑动平均滤波器的冲击响应为

hH[n] = {1/2,−1/2}, n = 0,1

F 对应的 z 变换为
HH(z) = 1/2(1−z−1) =

z−1
2z

F 频率响应为
HH(ejω ) = je−jω/2 sin(ω/2)

−2 2

0.2
0.4
0.6
0.8

1

n

hH[n]

−1 1 2

−1

1

Re(z)

Im(z)

−0.5

0.5

1

−π 0 π
ω

|HH(ejω )|
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低通和高通数字滤波器

F 2 点滑动平均器与 2 点微分器之间的关系

hL[n] = {1/2,1/2} hH[n] = {1/2,−1/2}

i.e.
hH[n] = (−1)nhL[n]⇒HH(z) = HL(−z)

F z-平面对应180 度旋转 ⇐⇒ 频率响应具有 π 的相位延迟

1

2

−π 0 π

ω

|HL(ejω )|

1

2

−π 0 π

ω

|HH(ejω )|
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截止频率及半功率点

F 截止频率 ωc 一般定义为半功率点，即

|H(ejωc )|2 =
1
2 max

ω

{
|H(ejω )|2

}
⇒H =

1√
2

Hmax

F 对于 2 点滑动平均器，Hmax = 1

|HL(ejωc )|= cos(ωc/2) = 1√
2

⇒ ωc =
π
2

F 对于 2 点微分器，Hmax = 1

|HH(ejωc )|= sin(ωc/2) = 1√
2

⇒ ωc =
π
2

ωc = π/2 π

1/
√

2
1

ω

|HL(ejω )|

ωc = π/2 π

1/
√

2
1

ω

|HH(ejω )|
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-3dB 点

F 工程中，我们通常用分贝（dB）来描述滤波器的幅度响应

dB = 20log10(level) = 10log10(power)

2013-10-16Dan Ellis 7

 We usually plot magnitudes in dB:

 A gain of 0 corresponds to -∞ dB

deciBels

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8
1/√2

1

t//

|H
(e

jt
)|

0 0.2 0.4 0.6 0.8 1
-20

-15

-10

-5
-3

0

t//
|H

(e
jt

)| 
/ d

B

F 增益为 0⇐⇒−∞dB
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简单 IIR 低通数字滤波器

2013-10-16Dan Ellis

 -1 0 1
 -1

0

1

z-plane

freq t / /

|H
(e

jt
)|

|H
(e

jt
)|

freq t / /
0 0.5 1

0

0.5

1

10-2 10-1 100
10-2

10-1

100

_ _A1_A1

10

Simple IIR Lowpass
IIR → feedback, zeros and poles, 

conditional stability, h[n] less useful

scale to make
gain = 1 at ⇤ = 0
→ K = (1 - �)/2

pole-zero
diagram

frequency
response

FR on 
log-log axes

0dB

-20dB

-40dB

x[n]
z-1

+
z-1

+

y[n]
K

HLP (z) = K
1 + z�1

1� �z�1
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简单 IIR 低通数字滤波器的设计

F 一阶 IIR 低通传输函数
HLP(z) = K 1+ z−1

1−αz−1

F 若要设计截止频率为 ωc 的滤波器，即半功率点在 ωc 处，(K =
1−α

2 使 max = 1)

|HLP(ejωc )|2 =
max

2

⇒ (1−α)2

4
(1+e−jωc )(1+ejωc )

(1−αe−jωc )(1−αejωc )
=

1
2

⇒cosωc =
2α

1+α2

⇒α =
1− sinωc

cosωc
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简单 IIR 低通数字滤波器的设计

ωc =
1
5 π ⇒ α =

1− sinωc
cosωc

= 0.50955

−1 1 2

−1

1

z = α Re(z)

Im(z)

1/
√

2

1

ω

|HLP(ejω )|
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简单 IIR 低通数字滤波器的设计

ωc =
2
5 π ⇒ α =

1− sinωc
cosωc

= 0.15843

−1 1 2

−1

1

z = α Re(z)

Im(z)

1/
√

2

1

ω

|HLP(ejω )|
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简单 IIR 低通数字滤波器的设计

ωc =
3
5 π ⇒ α =

1− sinωc
cosωc

=−0.15842

−1 1 2

−1

1

z = α Re(z)

Im(z)

1/
√

2

1

ω

|HLP(ejω )|
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简单 IIR 低通数字滤波器的设计

ωc =
4
5 π ⇒ α =

1− sinωc
cosωc

=−0.50954

−1 1 2

−1

1

z = α Re(z)

Im(z)

1/
√

2

1

ω

|HLP(ejω )|
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简单 IIR 高通数字滤波器

2013-10-16Dan Ellis

 

-1 0 1
-1

-0.5

0

0.5

1

z-plane

Freq t / /Freq t / /

|H
(e

jt
)| 

/ d
B

|H
(e

jt
)|

10-2 10-1 100-40

-30

-20

-10

0

0 0.5 1
0

0.5

1

_ A 1
_ A 1

12

Simple IIR Highpass

Pass ⇤ = π → HHP(-1) = 1 
→ K = (1+�)/2

Design Equation:

     (again)

� 

 =1 sinc

cosc

HHP (z) = K
1�z�1

1� �z�1
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简单 IIR 高通数字滤波器设计

ωc =
1
5 π ⇒ α =

1− sinωc
cosωc

= 0.50955

−1 1 2
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z = α Re(z)

Im(z)
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简单 IIR 高通数字滤波器设计

ωc =
2
5 π ⇒ α =

1− sinωc
cosωc

= 0.15843
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z = α Re(z)

Im(z)

1/
√

2

1

ω

|HLP(ejω )|

余磊 副教授 本科生课程，2018 秋 《数字信号处理》：数字滤波器设计 20 / 192



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

简单 IIR 高通数字滤波器设计

ωc =
3
5 π ⇒ α =

1− sinωc
cosωc

=−0.15842
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z = α Re(z)

Im(z)
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简单 IIR 高通数字滤波器设计

ωc =
4
5 π ⇒ α =

1− sinωc
cosωc

=−0.50954

−1 1 2
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z = α Re(z)

Im(z)
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√

2

1

ω

|HLP(ejω )|

余磊 副教授 本科生课程，2018 秋 《数字信号处理》：数字滤波器设计 20 / 192



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

简单 IIR 带通数字滤波器

2013-10-16Dan Ellis

-1 0 1
 1

 0.5

0

0.5

1

z-plane

t / /

t / /

|H
(e

jw
)|

|H
(e

jw
)| 

/ d
B

0 0.5 10

0.5

1

10-2 10-1 100-40

-30

-20

-10

0

r

B

e

_

`

14

Simple IIR Bandpass

� 

HBP z( ) =1
2

1 z2

1  1+( )z1 +z2

= K
1+ z1( ) 1 z1( )

1 2r cos  z1 + r2z2

where

Center freq
3dB bandwidth 

� 

r =  cos =
 1+( )
2 

� 

c = cos1 

D
es
ig
n

B1/√2

B = cos 1 2
1+ 2
 
 
 

 
 
 

2013-10-16Dan Ellis

-1 0 1
 1

 0.5

0

0.5

1

z-plane

t / /

t / /

|H
(e

jw
)|

|H
(e

jw
)| 

/ d
B

0 0.5 10

0.5

1

10-2 10-1 100-40

-30

-20

-10

0

r

B

e

_

`

14

Simple IIR Bandpass

� 

HBP z( ) =1
2

1 z2

1  1+( )z1 +z2

= K
1+ z1( ) 1 z1( )

1 2r cos  z1 + r2z2

where

Center freq
3dB bandwidth 

� 

r =  cos =
 1+( )
2 

� 

c = cos1 

D
es
ig
n

B1/√2

B = cos 1 2
1+ 2
 
 
 

 
 
 

余磊 副教授 本科生课程，2018 秋 《数字信号处理》：数字滤波器设计 21 / 192



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

简单 IIR 带通数字滤波器设计

设计一个二阶的 IIR 带通滤波器，使得该滤波器的中心频率 ωc =
1
5 π ，且通带带宽

（3dB 带宽）为 0.1π.

B = 0.1π ⇒ 2α
1+α2 = cos(0.1π)⇒ α = 0.7265

ωc =
1
5 π ⇒ β = cosωc = 0.80902
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简单 IIR 带通数字滤波器设计

设计一个二阶的 IIR 带通滤波器，使得该滤波器的中心频率 ωc =
2
5 π ，且通带带宽

（3dB 带宽）为 0.1π.

B = 0.1π ⇒ 2α
1+α2 = cos(0.1π)⇒ α = 0.7265

ωc =
2
5 π ⇒ β = cosωc = 0.30904
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简单 IIR 带通数字滤波器设计

设计一个二阶的 IIR 带通滤波器，使得该滤波器的中心频率 ωc =
3
5 π ，且通带带宽

（3dB 带宽）为 0.1π.

B = 0.1π ⇒ 2α
1+α2 = cos(0.1π)⇒ α = 0.7265

ωc =
3
5 π ⇒ β = cosωc =−0.30898

−1 1 2

−1

1

Re(z)

Im(z)

0.2 0.4 0.6 0.8 1 1.2

1/
√

2

1

ω/π

|HLP(ejω )|

余磊 副教授 本科生课程，2018 秋 《数字信号处理》：数字滤波器设计 22 / 192



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

简单 IIR 带通数字滤波器设计

设计一个二阶的 IIR 带通滤波器，使得该滤波器的中心频率 ωc =
4
5 π ，且通带带宽

（3dB 带宽）为 0.1π.

B = 0.1π ⇒ 2α
1+α2 = cos(0.1π)⇒ α = 0.7265

ωc =
4
5 π ⇒ β = cosωc =−0.80898
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Design of IIR BandPass

设计一个二阶的 IIR 带通滤波器，使得该滤波器的中心频率 ωc =
3
5 π，且通带带宽

（3dB 带宽）为 1
10 π .

B =
1
10 π ⇒ 2α

1+α2 = cos( 1
10 π)⇒ α = 0.691

ωc =
3
5 π ⇒ β = cosωc =−0.30902
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Design of IIR BandPass

设计一个二阶的 IIR 带通滤波器，使得该滤波器的中心频率 ωc =
3
5 π，且通带带宽

（3dB 带宽）为 2
10 π .

B =
2
10 π ⇒ 2α

1+α2 = cos( 2
10 π)⇒ α = 0.41222

ωc =
3
5 π ⇒ β = cosωc =−0.30902
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Design of IIR BandPass

设计一个二阶的 IIR 带通滤波器，使得该滤波器的中心频率 ωc =
3
5 π，且通带带宽

（3dB 带宽）为 3
10 π .

B =
3
10 π ⇒ 2α

1+α2 = cos( 3
10 π)⇒ α = 0.19096

ωc =
3
5 π ⇒ β = cosωc =−0.30902
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简单 IIR 带阻数字滤波器

二阶带阻滤波器，

HBS(z) =
1+α

2
1−2βz−1 + z−2

1−β(1+α)z−1 +αz−2

零点位置：z = r0 ·e±jθ0 ⇒ r0 = 1,cosθ0 = β

极点位置：z = rs ·e±jθs ⇒ rs =
√

α,cosθs =
β(1+α)

2
√

α
幅度响应：

|HBS(ejω )|2 =
(1+α)2(β −cosω)2

(1+α)2(β −cosω)2 +(1−α)2 sin2 ω

滤波器设计：

ωc = cos−1 β ⇒ β = cosωc

B = cos−1
( 2α

1+α2

)
⇒ α =

1
cosB −

√
1

cos2 B −1
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简单 IIR 带阻数字滤波器设计

设计一个二阶的 IIR 带通滤波器，使得该滤波器的中心频率 ωc =
1
5 π ，且通带带宽

（3dB 带宽）为 0.1π.

B = 0.1π ⇒ 2α
1+α2 = cos(0.1π)⇒ α = 0.7265

ωc =
1
5 π ⇒ β = cosωc = 0.80902
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简单 IIR 带阻数字滤波器设计

设计一个二阶的 IIR 带通滤波器，使得该滤波器的中心频率 ωc =
2
5 π ，且通带带宽

（3dB 带宽）为 0.1π.

B = 0.1π ⇒ 2α
1+α2 = cos(0.1π)⇒ α = 0.7265

ωc =
2
5 π ⇒ β = cosωc = 0.30904
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简单 IIR 带阻数字滤波器设计

设计一个二阶的 IIR 带通滤波器，使得该滤波器的中心频率 ωc =
3
5 π ，且通带带宽

（3dB 带宽）为 0.1π.

B = 0.1π ⇒ 2α
1+α2 = cos(0.1π)⇒ α = 0.7265

ωc =
3
5 π ⇒ β = cosωc =−0.30898
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简单 IIR 带阻数字滤波器设计

设计一个二阶的 IIR 带通滤波器，使得该滤波器的中心频率 ωc =
4
5 π ，且通带带宽

（3dB 带宽）为 0.1π.

B = 0.1π ⇒ 2α
1+α2 = cos(0.1π)⇒ α = 0.7265

ωc =
4
5 π ⇒ β = cosωc =−0.80898
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Design of IIR Bandstop

设计一个二阶的 IIR 带阻滤波器，使得该滤波器的中心频率 ωc =
3
5 π，且通带带宽

（3dB 带宽）为 1
10 π .

B =
1
10 π ⇒ 2α

1+α2 = cos( 1
10 π)⇒ α = 0.691

ωc =
3
5 π ⇒ β = cosωc =−0.30902
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Design of IIR Bandstop

设计一个二阶的 IIR 带阻滤波器，使得该滤波器的中心频率 ωc =
3
5 π，且通带带宽

（3dB 带宽）为 2
10 π .

B =
2
10 π ⇒ 2α

1+α2 = cos( 2
10 π)⇒ α = 0.41222

ωc =
3
5 π ⇒ β = cosωc =−0.30902
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Design of IIR Bandstop

设计一个二阶的 IIR 带阻滤波器，使得该滤波器的中心频率 ωc =
3
5 π，且通带带宽

（3dB 带宽）为 3
10 π .

B =
3
10 π ⇒ 2α

1+α2 = cos( 3
10 π)⇒ α = 0.19096

ωc =
3
5 π ⇒ β = cosωc =−0.30902
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Outline

1 介绍

2 数字滤波器分类：基于幅度响应
低通、高通、带通、带阻
有界实传输函数
全通滤波器

3 数字滤波器分类：基于相位响应
零相位
线性相位
最大/小相位

4 数字滤波器分类：其他

5 数字滤波器设计方法
IIR 数字滤波器
双线性变换
谱变换

FIR 数字滤波器
加窗冲激响应
窗函数形状

计算机辅助滤波器设计
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有界实（BR）传输函数

F 因果稳定实系统的传输函数满足如下条件：

|H(ejω )| ≤ 1 for all values of ω

那么称为有界实（BR）传输函数

F 若用 BR 传输函数 H(z) 描述一个数字滤波器的输入和输出分别是 x[n] 和 y[n]，那
么对应的频域关系为 |Y(ejω )|2 ≤ |X(ejω )|2

F 两边求从 −π 到 π 的积分，再根据 Parseval 定理，得到
∞

∑
n=−∞

y2[n]≤
∞

∑
n=−∞

x2[n]

F 对于所有有限能量的输入，其输出的能量都不会大于输入的能量，表明用 BR 传输
函数表示的数字滤波器可以被看成是无源结构;

F 如果 |H(ejω )|= 1 表示输出能量等于输入能量，说明这样的数字滤波器是无损的，
而这样的传输函数被称为是无损有界（LBR）传输函数。
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有界实（BR）传输函数

F BR 和 LBR 传输函数对于那些稀疏敏感性较低的数字滤波器的实现是非常关键的。

F 因果稳定系统传输函数为

H(z) = K
1−αz−1 ,0 < |α|< 1

当 K =±(1−α) 时，该传输函数为 BR 函数。

�����	���� �
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有界实（BR）传输函数

F BR 和 LBR 传输函数对于那些稀疏敏感性较低的数字滤波器的实现是非常关键的。

F 乘法器系数量化值 mi，实际值 mi0，根据 BR 条件可以知道

∂ |H(ejωk )|
∂mi

∣∣∣∣
mi=mi0

= 0

当这些 ωk 间隔较小时，那么可以推断通带内其他频率点上的幅度函数的灵敏度很
低。

now the  multiplier  coefficient m, is perturbed 
Y ( z )  = mi -+ m, + Am, (9) 

= Y ( Z ) % ( Z )  (3) 

or equivalently  by  a  chain matrix I I ( z )  

The  elements of above two-pair matrices are related through 

The input transfer function H(z) of  the constrained two- 
pair of Fig. 2 can be expressed in terms of the  two-pair 
parameters  and the constraining  transfer function C ( z )  as 

or  equivalently,  the  constraining  transfer function C ( z )  can 
be  expressed in terms of the input transfer function H(z) by 

A two-pair is said to be reciprocal if T,, = T2, or AD - BC 
= 1 [18].  Likewise, a two-pair is anti-reciprocal if T,, = - T,, 
or AD - BC= -1. 

111. REQUIREMENTS FOR LOW SENSITIVITY OF DIGITAL FILTER 
STRUCTURES 

Consider a digital transfer function H(z )  as given  by (1). 
There are several  situations in which the  frequency  re- 
sponse  magnitude IH(e/")l should  be  very  close to  unity  in 
the entire  passband. For  such  transfer  functions, digitization 
of  the  multiplier  coefficients can  cause  an unacceptable 
amount of  deviation in the  passband  response. A structure 
with  low passband  sensitivity is most  appropriate  for the 
implementation  of this class of  transfer functions. In this 
paper,  we  are primarily interested in the  sensitivity proper- 
ties of the  magnitude of the  frequency  response IH(e'")l in 
the  filter's passband. Once a structure has been  chosen, the 
implementation is characterized  by a set of  multiplier  coef- 
ficients: Q= { m,, m2;  * . ,mh,}. Assume the  structure to be 
such  that,  regardless of  the actual  values of the  parameters 
m,,  IH(e'")l is bounded above  by unity. Let w,, be a frequency 
in the passband  such  that  IH(e/"o)>l = 1 (see  Fig. 3 (a)). If 

4 f 

Fig. 3. (a) A typical magnitude response plot. (b) Illustrat- 
ing small  passband sensitivities. 

then, as long as stability is not impaired, it  will result in the 
decrease of  the value of IH(ej"o)[ regardless of  the sign  of 
Am;. This  results in the plot of IH(ej"o)>l as a function  of m, 
as sketched in Fig.  3(b).  Thus the slope of 1H(ej"o)>l with 
respect to m, is precisely  zero at this frequency.  This prop- 
erty  holds for every multiplier  coefficient m,, i = 1,2;. . ,M. 
This  means that,  the  first-order  sensitivity defined by 

with respect to any  parameter m, is zero  at  any frequency w 
where IH(e'")l is unity. Therefore, if we  have a number of 
closely  spaced  maxima in the passband,  we  can  expect 
good sensitivity  properties in this  band.  Summarizing, if the 
following three  properties are satisfied  by a structure  and its 
associated  transfer function, the  structure has low passband 
sensitivity 

P(1): The boundedness property: IH( e'")l < 1.  
P(2):  The magnitude IH(e'")l attains  the  maximum  value 

of  unity at certain  frequencies in the  passband. 
P(3): Property P(1) holds  regardless of the  values of the 

multiplier coefficients, as long as they  remain in a 
certain  range. 

Property P(3) means that the boundedness  property is 
caused  by the structure,  rather than by the values of param- 
eters  characterizing the  filter. Thus if the parameters  are 
changed, with the  structure remaining  the same, IH(e/")l 
may  change  for  each  frequency, but still remains bounded 
by  unity. We  can  thus say Property P(1) is "structure in- 
duced." Now, Property P(1) is equivalent to 

IY(el")l Q Ix (e/ " ) l ,  for all w (11) 

where Y( e'"') and X (  e'") are the Fourier  transforms of y( n)  
and ~ ( n ) ,  respectively. In the  time domain, the above 
inequality is equivalent to the  following, assuming  zero 
initial energy: 

n=O n-0 

where { x (  n) }  i s  any  square-summable  sequence.  The  quan- 
tities 

c x 2 ( n )  and c v ' (n )  
00 ffi 

n=O n-0 

are, respectively, the energy of the input signal,  and the 
output signal [19]. Hence we can  restate the boundedness 
property as 

A stable H(z) i s  bounded, if and only if, for every 
finite-energy  input sequence, the corresponding out- 
put sequence has  at most  the same energy. 

Consider a real  rational function  of z satisfying  Property 
P(1).  Such a function, is real,  for  real z. Thus we are led to 
the  following  definition: 

Definition 3.1: A real  rational function H(z) will be called 
a bounded real (BR) function if i t satisfies  the following 
properties: 

a) H(z) is analytic on and  outside the  unit circle IzI = 1 

406 PROCEEDINGS OF THE IEEE. VOL 72, NO 4. APRIL 1984 
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Outline

1 介绍

2 数字滤波器分类：基于幅度响应
低通、高通、带通、带阻
有界实传输函数
全通滤波器

3 数字滤波器分类：基于相位响应
零相位
线性相位
最大/小相位

4 数字滤波器分类：其他

5 数字滤波器设计方法
IIR 数字滤波器
双线性变换
谱变换

FIR 数字滤波器
加窗冲激响应
窗函数形状

计算机辅助滤波器设计
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全通传输函数

F 对于任意的频率点，传输函数 A(z) 的幅度响应都为 1，即

|A(ejω )|= 1, ∀ω

−3 −2 −1 0 1 2 30

0.5

1

ω

|A
(e

jω
)|
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实系统全通传输函数的性质

F h[n] 为实数，那么根据 DTFT 变换的对称性质

A∗(ejω ) = A(e−jω )

F z = ejω 带入上式

|A(ejω )|2 = A(ejω )A(e−jω ) = A(z)A(z−1)|z=ejω = 1

F 假设传输函数 A(z) 具有如下形式

A(z) = ∑M
k=0 pkz−k

∑N
k=0 dkz−k =

z−M ∑M
k=0 pkzM−k

∑N
k=0 dkz−k

A(z−1) =
∑M

k=0 pkzk

∑N
k=0 dkzk =

zM ∑M
k=0 pkzk−M

∑N
k=0 dkzk
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实系统全通传输函数的性质

F 分子分母阶数相同：M = N

F 对于任意的 k，对应 zk 的系数相同，即 pM−k = dk

A(z)A(z−1) =

z−M
M
∑
k=0

pkzM−k

N
∑
k=0

dkz−k

·

zM
M
∑
k=0

pkzk−M

N
∑
k=0

dkzk

= 1

F 对于 M 阶全通传输函数 AM(z) 必然满足如下形式：

AM(z) =± dM +dM−1z−1 + ...+d1z−M+1 + z−M

1+d1z−1 + ...+dM−1z−M+1 +dMz−M
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实系统全通传输函数的性质

F 分子分母阶数相同：M = N

F 对于任意的 k，对应 zk 的系数相同，即 pM−k = dk

A(z)A(z−1) =

z−M
M
∑
k=0

pkzM−k

N
∑
k=0

dkz−k

·

zM
M
∑
k=0

pkzk−M

N
∑
k=0

dkzk

= 1

F 对于 M 阶全通传输函数 AM(z) 必然满足如下形式：

AM(z) =± dM +dM−1z−1 + ...+d1z−M+1 + z−M

1+d1z−1 + ...+dM−1z−M+1 +dMz−M
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实系统全通传输函数的性质

F 全通函数的零极点在 z 平面上是镜像对称的（Mirror-image symmetry）

证明.
定义

DM(z) = 1+d1z−1 + ...+dM−1z−M+1 +dMz−M

那么

AM(z) =± z−MDM(z−1)
DM(z)

假设存在极点 z = λ0 = rejϕ，那么必然存在零点 z = λ−1
0 =

1
r e−jϕ。

−1 0 1 2

−1

0

1

λ1 λ−1
1 AM(z) =±

M
∏
i=1

−λ ∗i + z−1

1−λiz−1

Re(z)

Im
(z
)
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实系统全通传输函数的性质

F 全通函数的零极点在 z 平面上是镜像对称的（Mirror-image symmetry）

证明.
定义

DM(z) = 1+d1z−1 + ...+dM−1z−M+1 +dMz−M

那么

AM(z) =± z−MDM(z−1)
DM(z)

假设存在极点 z = λ0 = rejϕ，那么必然存在零点 z = λ−1
0 =

1
r e−jϕ。

−1 0 1 2

−1

0

1

λ1 λ−1
1

λ2

λ−1
2

AM(z) =±
M
∏
i=1

−λ ∗i + z−1

1−λiz−1

Re(z)

Im
(z
)
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实系统全通传输函数的性质

F 全通函数的零极点在 z 平面上是镜像对称的（Mirror-image symmetry）

证明.
定义

DM(z) = 1+d1z−1 + ...+dM−1z−M+1 +dMz−M

那么

AM(z) =± z−MDM(z−1)
DM(z)

假设存在极点 z = λ0 = rejϕ，那么必然存在零点 z = λ−1
0 =

1
r e−jϕ。

−1 0 1 2

−1

0

1

λ1 λ−1
1

λ2

λ−1
2

λ3

λ−1
3

AM(z) =±
M
∏
i=1

−λ ∗i + z−1

1−λiz−1

Re(z)

Im
(z
)
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全通传输函数的性质：幅度

F 全通传输函数可以表示为：

AM(z) =±
M
∏
i=1

−λ ∗i + z−1

1−λiz−1

F 考虑一对零极点（镜像对称）

A(z) = −λ ∗+ z−1

1−λz−1

F 幅度 (z = |z|ejω 且 λ = rejϕ )

|A(z)|2 =
1−2r|z|cos(ω−ϕ)+ r2|z|2
|z|2−2r|z|cos(ω−ϕ)+ r2 = 1− (1− r2)(|z|2−1)

|z|2−2r|z|cos(ω−ϕ)+ r2

F 对于因果稳定系统来说（极点位于单位圆内 r < 1）

|A(z)|2


< 1, |z|> 1
= 1, |z|= 1
> 1, |z|< 1
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全通传输函数的性质：相位

实系统全通传输函数可以写成如下形式 (|A(ejω )|= 1)

A(ejω ) = ejθ(ω)

F 相位响应 θ(ω) 为单调递减函数；

F 相位响应 θ(ω) 为非正函数；

F M 阶稳定实系数全通传输函数的群延迟 τg(ω) =−dθ(ω)

dω
满足

∫ π

0
τg(ω)dω = Mπ
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相位响应的单调递减性质

F 考虑一阶因果稳定实系数全通函数

A(z) = −λ ∗+ z−1

1−λz−1

F 频率响应为（令 z = ejω）

A(ejω ) =
−λ ∗+e−jω

1−λe−jω = e−jω
[

1− rej(ω−ϕ)

1− re−j(ω−ϕ)

]

F 相位函数为

θ(ω) =−ω−2arctan
[ rsin(ω−ϕ)

1− rcos(ω−ϕ)

]
dθ
dω

=− (1− r2)

|1+ re−j(ω−ϕ)|2
< 0,∀r < 1

余磊 副教授 本科生课程，2018 秋 《数字信号处理》：数字滤波器设计 38 / 192



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

相位响应的非正性质

F 考虑一阶因果稳定实系数全通函数 (λ = rejϕ , r < 1)

A(z) = −λ ∗+ z−1

1−λz−1

F 直流响应，A(ej0) = 1，所以 θ(0) = 0

F 相位函数单调递减
dθ
dω

< 0，

θ(ω) =
∫ π

0

dθ
dω

dω +θ(0)≤ 0
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群延迟性质

F 考虑一阶因果稳定实系数全通函数 (λ = rejϕ , r < 1)

A(z) = −λ ∗+ z−1

1−λz−1

F 群延迟为 (参见第三章)

τ1(ω) = −Re
[
z d lnA(z)

dz

]∣∣∣∣
z=ejω

= −Re
[
z
(
−λ ∗

1−λ ∗z −
1

z−λ

)]∣∣∣∣
z=ejω

=
1− r2

1+ r2−2rcos(ω−ϕ)
> 0

F 等式两边积分 ∫ π

0
τ1(ω)dω =

[
2arctan

( r+1
r−1 tan ϕ −ω

2

)]π

0
= π

F 对于任意 M 阶稳定实系数全通传输函数

A(z) =
M
∏
i−1

Ai(z)⇒
∫ π

0
τg(ω)dω = Mπ

余磊 副教授 本科生课程，2018 秋 《数字信号处理》：数字滤波器设计 40 / 192



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

应用：延迟均衡器

• Since |A(ejω )|= 1, we have |G(z)A(ejω )|= |G(ejω )|.
• Overall group delay is given by the sum of the group delays of G(z) and A(z).

G(z) A(z)

7

37
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AllpassAllpass Transfer FunctionTransfer Function
• Figure below shows the group delay of the 

original elliptic filter cascaded with an 8th

order allpass section designed to equalize 
the group delay in the passband
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Classification Based on Phase Classification Based on Phase 
CharacteristicsCharacteristics

• A second classification of a transfer 
function is with respect to its phase 
characteristics

• In many applications, it is necessary that the 
digital filter designed does not distort the 
phase of the input signal components with 
frequencies in the passband

39
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ZeroZero--Phase Transfer FunctionPhase Transfer Function

• One way to avoid any phase distortion is to 
make the frequency response of the filter 
real and nonnegative, i.e., to design the 
filter with a zero phase characteristic

• However, it is not possible to design a 
causal digital filter with a zero phase

40
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ZeroZero--Phase Transfer FunctionPhase Transfer Function

• For non-real-time processing of real-valued 
input signals of finite length, zero-phase 
filtering can be very simply implemented by 
relaxing the causality requirement

• One zero-phase filtering scheme is sketched 
below
x[n] v[n] u[n] w[n]H(z) H(z)

][][],[][ nwnynvnu −=−=
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ZeroZero--Phase Transfer FunctionPhase Transfer Function

• It is easy to verify the above scheme in the 
frequency domain

• Let             ,              ,             ,             , and
denote the DTFTs of x[n], v[n],

u[n], w[n], and y[n], respectively
• From the figure shown earlier and making 

use of the symmetry relations we arrive at 
the relations between various DTFTs as 
given on the next slide

)( ωjeX )( ωjeV )( ωjeU )( ωjeW
)( ωjeY

42
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ZeroZero--Phase Transfer FunctionPhase Transfer Function

• Combining the above equations we get

x[n] v[n] u[n] w[n]H(z) H(z)

][][],[][ nwnynvnu −=−=

),()()( ωωω = jjj eXeHeV )()()( ωωω = jjj eUeHeW
,)(*)( ωω = jj eVeU )(*)( ωω = jj eWeY

)(*)(*)(*)( ωωωω == jjjj eUeHeWeY
)()()(*)()(* ωωωωω == jjjjj eXeHeHeVeH

)()(
2 ωω= jj eXeH
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Outline

1 介绍

2 数字滤波器分类：基于幅度响应
低通、高通、带通、带阻
有界实传输函数
全通滤波器

3 数字滤波器分类：基于相位响应
零相位
线性相位
最大/小相位

4 数字滤波器分类：其他

5 数字滤波器设计方法
IIR 数字滤波器
双线性变换
谱变换

FIR 数字滤波器
加窗冲激响应
窗函数形状

计算机辅助滤波器设计
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零相移传输函数

F 零相移传输函数
θ(ω) = 0, ∀ω

F 零相移滤波器不会使输入信号分量的相位产生失真

F 传输函数是实数、且为非负的

H(ejω ) = |H(ejω )|ej0 = |H(ejω )|

F 零相移传输函数的形式：
F 令 H(z) 为实系数有理 Z 变换，在单位圆上没有极点，即 |H(ejω )|< ∞；

F 那么 F(z) = H(z)H(z−1) 就是一个零相移传输函数（实序列 DTFT 变换的对称性)

F(ejω ) = F(z)|z=ejω

= H(z)H(z−1)|z=ejω = H(ejω )H(e−jω )

= |H(ejω )|2 ≥ 0
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零相移传输函数的零极点

F 零相移传输函数具有形式
F(z) = H(z)H(z−1)

F 零极点分析：

1 假设 z = v 为传输函数 H(z) 的零点（或者极点）
2 H(z) 中必然存在因子

z−v
3 H(z−1) 中必然存在因子

1
z −v

4 z = 1
v 也必然是 H(z−1) 的零点（或者极点）

5 那么 z = v 和 z = 1/v 都将是零相移传输函数 F(z) = H(z)H(z−1) 的零点（或者极点）

F 零相移传输函数的零点（或者极点）是镜像对称的。
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零相移传输函数的零极点

零相移滤波器 F(z) 的零点和极点关于单位圆镜像对称的

−1 0 1 2

−1

0

1

λ1 λ−1
1

Re(z)

Im
(z
)
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零相移传输函数的零极点

零相移滤波器 F(z) 的零点和极点关于单位圆镜像对称的
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零相移传输函数的形式

F 不失一般性，假设零相移传输函数 F(z) = H(z)H(z−1)，且

H(z) = 1+a1z−1 + · · ·+aNz−N⇒ G(z) = H(z−1) = 1+a1z+ · · ·+aNzN

F 对应冲激响应序列

h[n] = {1,a1, · · · ,aN}, n = 0,1, ...,N
g[n] = {aN,aN−1, · · ·1}, n =−N,−N+1, ...,0

}
⇒ h[n] = g[−n]

F 另外，零相移传输函数对应的冲激响应序列为

f[n] = h[n]⊛g[n]⇒
f[−n]= h[−n]⊛g[−n] = g[n]⊛h[n] = f[n]

F 零相移传输函数 F(z) 必然满足如下形式

F(z) =
M
∑
l=0

bl(zl + z−l)

F 零相移传输函数 F(z) 是非因果的，所以实际系统不可能实时的实现。
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零相移滤波器的非实时处理

F 方法一：

H(z) H(z)x[n] y[n]
v[n] u[n] w[n]

F 方法二：

�����	���� �

TIPS
对于实数序列来说：
时域反转：x[n]→ x[−n]
频域共轭：X(ejω )→ X∗(ejω )
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零相移滤波器的设计

1 根据需求设计幅度响应：
|H(ejω )|2

2 替换 ω =
1
j lnz, 或者 (z+ z−1)/2 = cosω

H(z)H(z−1) = |H(ejω )|2|ω= 1
j lnz

3 选择一半的零点和极点实现 H(z)。
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例子

若要设计幅度谱为如下形式的零相移滤波器：

|H(ejω )|2 =
4(1.09+0.6cosω)(1.16−0.8cosω)

(1.04−0.4cosω)(1.25+cosω)

那么将 cosω = (z+ z−1)/2 带入到上式中得到

H(z)H(z−1) =
4(1.09+0.3(z+ z−1))(1.16−0.4(z+ z−1))
(1.04−0.2(z+ z−1))(1.25+0.5(z+ z−1))

=
4(1+0.3z−1)(1+0.3z)(1−0.4z−1)(1−0.4z)
(1−0.2z−1)(1−0.2z)(1+0.5z−1)(1+0.5z)

那么，该传输函数具有与 H(ejω ) 相同的幅度谱，且

• 极点：z = {0.2,5,−0.5,−2}
• 零点：z = {−0.3,−10/3,0.4,2.5}
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例子

挑选出稳定的极点
z = { 0.2 ,5, −0.5 ,−2}

然后挑选一半的零点（一对镜像对称的零点只能选一次），可以得到四种不同的组合

z = {−0.3,0.4}, or z = {−0.3,2.5} or z = {−10/3,0.4} or z = {−10/3,2.5}

对应的传输函数为

H(z) = 2(1+0.3z−1)(1−0.4z−1)
(1−0.2z−1)(1+0.5z−1)

H(z) = 2(1+0.3z−1)(0.4−z−1)
(1−0.2z−1)(1+0.5z−1)

H(z) = 2(0.3+ z−1)(1−0.4z−1)
(1−0.2z−1)(1+0.5z−1)

H(z) = 2(0.3+ z−1)(0.4−z−1)
(1−0.2z−1)(1+0.5z−1)

余磊 副教授 本科生课程，2018 秋 《数字信号处理》：数字滤波器设计 51 / 192



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Outline

1 介绍

2 数字滤波器分类：基于幅度响应
低通、高通、带通、带阻
有界实传输函数
全通滤波器

3 数字滤波器分类：基于相位响应
零相位
线性相位
最大/小相位

4 数字滤波器分类：其他
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双线性变换
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计算机辅助滤波器设计
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线性相位传输函数

F 最常见的一类线性相位滤波器的频率响应为（全频域相位响应是线性的）

H(ejω ) = e−jωD

F 幅度和相位延迟：
|H(ejω )|= 1 τ(ω) = D
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输入输出关系

线性相位系统的输入输出关系

x[n] = Aejωn e−jωD y[n]

y[n] = Ae−jωDejωn = Aejω(n−D)

F 如果 D 为整数, y[n] 仅仅是 x[n] 延迟 D 个样本后的结果

F 如果 D 不为整数 r, y[n] 与 x[n] 就不一样
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线性相位传输函数

如果要保证信号通过滤波器之后幅度和相位都不失真（undistorted），那么在通带内
（pass-band）

• 幅度响应（magnitude response）= 1
• 相位响应（phase response）为线性的

8
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ZeroZero--Phase Transfer FunctionPhase Transfer Function

• The function filtfilt implements the 
above zero-phase filtering scheme

• In the case of a causal transfer function with 
a nonzero phase response, the phase 
distortion can be avoided by ensuring that 
the transfer function has a unity magnitude 
and a linear-phase characteristic in the 
frequency band of interest

44
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LinearLinear--Phase Transfer FunctionPhase Transfer Function

• The most general type of a filter with a 
linear phase has a frequency response given 
by

which has a linear phase from ω = 0 to ω = 
2π

• Note also

Djj eeH ω−ω =)(

1)( =ωjeH
D=ωτ )(
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LinearLinear--Phase Transfer Phase Transfer 
FunctionFunction

• The output y[n] of this filter to an input
is then given by

• If          and          represent the continuous-
time signals whose sampled versions, 
sampled at t = nT, are x[n] and y[n] given 
above, then the delay between          and              
is precisely the group delay of amount D

njAenx ω=][
)(][ DnjnjDj AeeAeny −ωωω− ==

)(txa

)(txa

)(tya

)(tya
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LinearLinear--Phase Transfer Phase Transfer 
FunctionFunction

• If D is an integer, then y[n] is identical to 
x[n], but delayed by D samples

• If D is not an integer, y[n], being delayed by 
a fractional part, is not identical to x[n]

• In the latter case, the waveform of the 
underlying continuous-time output is 
identical to the waveform of the underlying 
continuous-time input and delayed D units 
of time

47
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LinearLinear--Phase Transfer Phase Transfer 
FunctionFunction

• If it is desired to pass input signal 
components in a certain frequency range 
undistorted in both magnitude and phase, 
then the transfer function should exhibit a 
unity magnitude response and a linear-phase 
response in the band of interest

48
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LinearLinear--Phase Transfer Phase Transfer 
FunctionFunction

• Figure below shows the frequency response 
if a lowpass filter with a linear-phase 
characteristic in the passband

1

  ω
0–π π  ω  –ω

HLP (e jω)

  ω
0–π π  ω  –ω

HLP (e jω)arg

c c

c c
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LinearLinear--Phase Transfer Phase Transfer 
FunctionFunction
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LinearLinear--Phase Transfer Phase Transfer 
FunctionFunction
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characteristic in the passband

1

  ω
0–π π  ω  –ω

HLP (e jω)

  ω
0–π π  ω  –ω

HLP (e jω)arg

c c

c c
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线性相位滤波器的例子

线性相位理想低通滤波器

HLP(ejω ) =

{
e−jωn0 , 0 < |ω|< ωc
0, ωc ≤ |ω| ≤ π

根据 DTFT 变换的频移性质，可以知道该滤波器的冲击响应为

hLP[n] =
sinωc(n−n0)

π(n−n0)
,−∞ < n < ∞

非因果，且双边无限长，故而不能实现
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截断

需要将无限长序列截断(Truncation) 成有限长序列

ĥLP[n] =
sinωc(n−n0)

π(n−n0)
,0≤ n≤N

得到 N+1 长度的因果有限长滤波器。

若线性相位，n0 需为 N+1 点长序列的中心 n0 =

{
N/2, N为偶数
(N−1)/2, N为奇数

9
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LinearLinear--Phase Transfer Phase Transfer 
FunctionFunction

• Since the signal components in the stopband
are blocked, the phase response in the 
stopband can be of any shape

• Example - Determine the impulse response 
of an ideal lowpass filter with a linear phase 
response:

⎩
⎨⎧=ω)( j

LP eH
π≤ω≤ω

ω<ω<ω−

c
c

nj oe
,0

0,
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LinearLinear--Phase Transfer Phase Transfer 
FunctionFunction

• Applying the frequency-shifting property of 
the DTFT to the impulse response of an 
ideal zero-phase lowpass filter we arrive at

• As before, the above filter is noncausal and 
of doubly infinite length, and hence, 
unrealizable

∞<<∞−
−π
−ω= n
nn
nnnh
o

oc
LP ,

)(
)(sin][
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LinearLinear--Phase Transfer Phase Transfer 
FunctionFunction

• By truncating the impulse response to a 
finite number of terms, a realizable FIR 
approximation to the ideal lowpass filter 
can be developed

• The truncated approximation may or may 
not exhibit linear phase, depending on the 
value of      chosenon

52
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LinearLinear--Phase Transfer Phase Transfer 
FunctionFunction

• If we choose = N/2 with N a positive 
integer, the truncated and shifted 
approximation

will be a length N+1 causal linear-phase 
FIR filter

on

Nn
Nn
Nnnh c

LP ≤≤
−π
−ω= 0,

)2/(
)2/(sin][

^
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LinearLinear--Phase Transfer Phase Transfer 
FunctionFunction

• Figure below shows the filter coefficients 
obtained using the function sinc for two 
different values of N

0 2 4 6 8 10 12
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ZeroZero--Phase ResponsePhase Response

• Because of the symmetry of the impulse 
response coefficients as indicated in the two 
figures, the frequency response of the 
truncated approximation can be expressed as:

where              , called the zero-phase 
response or amplitude response, is a real 
function of ω

)(][)( 2/

0
ω== ω−

=

ω−ω ∑ LP
Nj

N

n

nj
LP

j
LP HeenheH ^^ ∼

)(ωLPH
∼
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截断

需要将无限长序列截断(Truncation) 成有限长序列

ĥLP[n] =
sinωc(n−n0)

π(n−n0)
,0≤ n≤N

得到 N+1 长度的因果有限长滤波器。

若线性相位，n0 需为 N+1 点长序列的中心 n0 =

{
N/2, N为偶数
(N−1)/2, N为奇数

9

49
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LinearLinear--Phase Transfer Phase Transfer 
FunctionFunction

• Since the signal components in the stopband
are blocked, the phase response in the 
stopband can be of any shape

• Example - Determine the impulse response 
of an ideal lowpass filter with a linear phase 
response:

⎩
⎨⎧=ω)( j

LP eH
π≤ω≤ω

ω<ω<ω−

c
c

nj oe
,0

0,
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LinearLinear--Phase Transfer Phase Transfer 
FunctionFunction

• Applying the frequency-shifting property of 
the DTFT to the impulse response of an 
ideal zero-phase lowpass filter we arrive at

• As before, the above filter is noncausal and 
of doubly infinite length, and hence, 
unrealizable

∞<<∞−
−π
−ω= n
nn
nnnh
o

oc
LP ,

)(
)(sin][
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LinearLinear--Phase Transfer Phase Transfer 
FunctionFunction

• By truncating the impulse response to a 
finite number of terms, a realizable FIR 
approximation to the ideal lowpass filter 
can be developed

• The truncated approximation may or may 
not exhibit linear phase, depending on the 
value of      chosenon

52
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LinearLinear--Phase Transfer Phase Transfer 
FunctionFunction

• If we choose = N/2 with N a positive 
integer, the truncated and shifted 
approximation

will be a length N+1 causal linear-phase 
FIR filter

on

Nn
Nn
Nnnh c

LP ≤≤
−π
−ω= 0,

)2/(
)2/(sin][

^
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LinearLinear--Phase Transfer Phase Transfer 
FunctionFunction

• Figure below shows the filter coefficients 
obtained using the function sinc for two 
different values of N
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ZeroZero--Phase ResponsePhase Response

• Because of the symmetry of the impulse 
response coefficients as indicated in the two 
figures, the frequency response of the 
truncated approximation can be expressed as:

where              , called the zero-phase 
response or amplitude response, is a real 
function of ω

)(][)( 2/

0
ω== ω−

=

ω−ω ∑ LP
Nj

N

n

nj
LP

j
LP HeenheH ^^ ∼

)(ωLPH
∼
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零相位和线性相位传输函数之间的关系

可以发现线性相位系统的冲击响应也具有对称性质，其频率响应可以表示为

ĤLP(ejω ) =
N
∑
n=0

ĥLP[n]e−jωn = e−jωN/2H̃LP(ω)

• H̃LP(ω) 为零相位响应 / 幅度响应
• e−jωN/2 为线性相位响应
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线性相位 FIR 传输函数的形式

F 线性相位系统的频率响应必然有如下形式

H(ejω ) = ejθ(ω)|H(ejω )|= ej(cω+β)H̃(ω)

其中 H̃(ω) 为零相位响应⇒ H̃(ω) ∈ R+.

F 实序列的 DTFT 变换是共轭对称的

H(ejω ) = H∗(e−jω )

那么

|H(ejω )|= |H̃(ω)|
|H∗(e−jω )|= |H̃(−ω)|

}
⇒ |H̃(ω)|= |H̃(−ω)| ⇒ H̃(ω) =±H̃(−ω)

F 取正号：H̃(ω) = H̃(−ω)，那么 H̃(ω) 为偶函数；

F 取负号：H̃(ω) =−H̃(−ω)，那么 H̃(ω) 为奇函数；
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线性相位 FIR 传输函数的形式 1

F H̃(ω) 为偶函数,H̃(ω) = H̃(−ω)

H(ejω ) = ej(cω+β)H̃(ω)

H∗(e−jω ) = e−j(c(−ω)+β)H̃(−ω)

}
⇒ ejβ = e−jβ ⇒ β = 0 or β = π

F 下面两个式子相等：

H̃(ω) =±e−jcω H(ejω ) =±
N
∑
n=0

h[n]e−jω(c+n)

H̃(−ω) =±
N
∑
l=0

h[l]ejω(c+l) =±
N
∑
n=0

h[N−n]ejω(c+N−n)

F 时域 FIR 冲激响应序列的性质：h[n] = h[N−n]，且 c =−N/2
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线性相位 FIR 传输函数的形式 2

F H̃(ω) 为奇函数,H̃(ω) =−H̃(−ω)

H(ejω ) = ej(cω+β)H̃(ω)

H∗(e−jω ) = e−j(c(−ω)+β)H̃(−ω)

}
⇒ ejβ =−e−jβ ⇒ β =±π/2

F 下面两个式子相等：

H̃(ω) =−je−jcω H(ejω ) =−j
N
∑
n=0

h[n]e−jω(c+n)

H̃(−ω) =−j
N
∑
l=0

h[l]ejω(c+l) =−j
N
∑
n=0

h[N−n]ejω(c+N−n)

F 时域 FIR 冲激响应序列的性质：h[n] =−h[N−n]，且 c =−N/2
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线性相位 FIR 滤波器的几种类型

2013-10-16Dan Ellis

 (Anti)Symmetric FIR filters are almost 
the only way to get zero/linear phase

 4 types:

27

Linear Phase FIR filters

Odd length Even length

Symmetric

Anti-
symmetric

Type 1 Type 2

Type 3 Type 4

n n

n n

L-1(L-1)/20
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1 型线性相位滤波器

F 奇长度对称序列：L 为奇数（最高阶数 N = L−1 为偶数），h[n] = h[N−n]

F 1 型线性相位 FIR 滤波器的频率响应 (recall Chapter 5)

H(ejω ) =
N
∑
n=0

h[n]e−jωn = e−jωN/2
(

h[N2 ]+2
N/2

∑
n=1

h[N2 −n]cosωn
)

︸ ︷︷ ︸
=H̃(ejω )

F 相位响应：θ(ω) =−N
2 ω

F 幅度响应：H(ejω ) = h[N
2 ]+2

N/2

∑
n=1

h[N
2 −n]cosωn

0
−1

−0.5

0

0.5

1

0 π
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1 型线性相位滤波器

F 奇长度对称序列：L 为奇数（最高阶数 N = L−1 为偶数），h[n] = h[N−n]

F 1 型线性相位 FIR 滤波器的频率响应 (recall Chapter 5)

H(ejω ) =
N
∑
n=0

h[n]e−jωn = e−jωN/2
(

h[N2 ]+2
N/2

∑
n=1

h[N2 −n]cosωn
)

︸ ︷︷ ︸
=H̃(ejω )

F 相位响应：θ(ω) =−N
2 ω

F 幅度响应：H(ejω ) = h[N
2 ]+2

N/2

∑
n=1

h[N
2 −n]cosωn

0
−1

−0.5

0

0.5

1

0 πn = 1
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1 型线性相位滤波器

F 奇长度对称序列：L 为奇数（最高阶数 N = L−1 为偶数），h[n] = h[N−n]

F 1 型线性相位 FIR 滤波器的频率响应 (recall Chapter 5)

H(ejω ) =
N
∑
n=0

h[n]e−jωn = e−jωN/2
(

h[N2 ]+2
N/2

∑
n=1

h[N2 −n]cosωn
)

︸ ︷︷ ︸
=H̃(ejω )

F 相位响应：θ(ω) =−N
2 ω

F 幅度响应：H(ejω ) = h[N
2 ]+2

N/2

∑
n=1

h[N
2 −n]cosωn

0
−1

−0.5

0

0.5

1

0 πn = 1

n = 2
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1 型线性相位滤波器

F 奇长度对称序列：L 为奇数（最高阶数 N = L−1 为偶数），h[n] = h[N−n]

F 1 型线性相位 FIR 滤波器的频率响应 (recall Chapter 5)

H(ejω ) =
N
∑
n=0

h[n]e−jωn = e−jωN/2
(

h[N2 ]+2
N/2

∑
n=1

h[N2 −n]cosωn
)

︸ ︷︷ ︸
=H̃(ejω )

F 相位响应：θ(ω) =−N
2 ω

F 幅度响应：H(ejω ) = h[N
2 ]+2

N/2

∑
n=1

h[N
2 −n]cosωn

0
−1

−0.5

0

0.5

1

0 πn = 1

n = 2

n = 3
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2 型线性相位滤波器
F 偶长度对称序列：L 为偶数（最高阶数 N = L−1 为奇数），h[n] = h[N−n]

F 2 型线性相位 FIR 滤波器的频率响应 (recall Chapter 5)

H(ejω ) =
N
∑
n=0

h[n]e−jωn = e−jωN/2
(

2
(N+1)/2

∑
n=1

h[N+1
2 −n]cos

(
ω
(

n− 1
2

)))
︸ ︷︷ ︸

=H̃(ejω )

F 相位响应：θ(ω) =−N
2 ω

F 幅度响应：H(ejω ) = 2
(N+1)/2

∑
n=1

h[N+1
2 −n]cos

(
ω
(

n− 1
2

))

0
−1

−0.5

0

0.5

1

0 π
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2 型线性相位滤波器
F 偶长度对称序列：L 为偶数（最高阶数 N = L−1 为奇数），h[n] = h[N−n]

F 2 型线性相位 FIR 滤波器的频率响应 (recall Chapter 5)

H(ejω ) =
N
∑
n=0

h[n]e−jωn = e−jωN/2
(

2
(N+1)/2

∑
n=1

h[N+1
2 −n]cos

(
ω
(

n− 1
2

)))
︸ ︷︷ ︸

=H̃(ejω )

F 相位响应：θ(ω) =−N
2 ω

F 幅度响应：H(ejω ) = 2
(N+1)/2

∑
n=1

h[N+1
2 −n]cos

(
ω
(

n− 1
2

))

0
−1

−0.5

0

0.5

1

0 π

n = 1
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2 型线性相位滤波器
F 偶长度对称序列：L 为偶数（最高阶数 N = L−1 为奇数），h[n] = h[N−n]

F 2 型线性相位 FIR 滤波器的频率响应 (recall Chapter 5)

H(ejω ) =
N
∑
n=0

h[n]e−jωn = e−jωN/2
(

2
(N+1)/2

∑
n=1

h[N+1
2 −n]cos

(
ω
(

n− 1
2

)))
︸ ︷︷ ︸

=H̃(ejω )

F 相位响应：θ(ω) =−N
2 ω

F 幅度响应：H(ejω ) = 2
(N+1)/2

∑
n=1

h[N+1
2 −n]cos

(
ω
(

n− 1
2

))

0
−1

−0.5

0

0.5

1

0 π

n = 1n = 2
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2 型线性相位滤波器
F 偶长度对称序列：L 为偶数（最高阶数 N = L−1 为奇数），h[n] = h[N−n]

F 2 型线性相位 FIR 滤波器的频率响应 (recall Chapter 5)

H(ejω ) =
N
∑
n=0

h[n]e−jωn = e−jωN/2
(

2
(N+1)/2

∑
n=1

h[N+1
2 −n]cos

(
ω
(

n− 1
2

)))
︸ ︷︷ ︸

=H̃(ejω )

F 相位响应：θ(ω) =−N
2 ω

F 幅度响应：H(ejω ) = 2
(N+1)/2

∑
n=1

h[N+1
2 −n]cos

(
ω
(

n− 1
2

))

0
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0

0.5

1

0 π

n = 1n = 2n = 3
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2 型线性相位滤波器
F 偶长度对称序列：L 为偶数（最高阶数 N = L−1 为奇数），h[n] = h[N−n]

F 2 型线性相位 FIR 滤波器的频率响应 (recall Chapter 5)

H(ejω ) =
N
∑
n=0

h[n]e−jωn = e−jωN/2
(

2
(N+1)/2

∑
n=1

h[N+1
2 −n]cos

(
ω
(

n− 1
2

)))
︸ ︷︷ ︸

=H̃(ejω )

F 相位响应：θ(ω) =−N
2 ω

F 幅度响应：H(ejω ) = 2
(N+1)/2

∑
n=1

h[N+1
2 −n]cos

(
ω
(

n− 1
2

))

0
−1

−0.5

0

0.5

1

0 π

n = 1n = 2n = 3
ω = π 处的所有余弦信号幅度都是 0
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3 型线性相位 FIR 滤波器
F 奇长度反对称序列：L 为奇数（最高阶数 N = L−1 为偶数，h[n] =−h[N−n]

(h[N/2] = 0)

F 3 型线性相位 FIR 滤波器的频率响应 (recall Chapter 5)

H(ejω ) =
N
∑
n=0

h[n]e−jωn = je−jωN/2
(

2
N/2

∑
n=1

h[N2 −n]sinωn
)

︸ ︷︷ ︸
=H̃(ejω )

F 相位响应：θ(ω) =−N
2 ω +π

F 幅度响应：H(ejω ) = 2
N/2

∑
n=1

h[N
2 −n]sinωn

0
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0
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n = 1
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3 型线性相位 FIR 滤波器
F 奇长度反对称序列：L 为奇数（最高阶数 N = L−1 为偶数，h[n] =−h[N−n]

(h[N/2] = 0)

F 3 型线性相位 FIR 滤波器的频率响应 (recall Chapter 5)

H(ejω ) =
N
∑
n=0

h[n]e−jωn = je−jωN/2
(

2
N/2

∑
n=1

h[N2 −n]sinωn
)

︸ ︷︷ ︸
=H̃(ejω )

F 相位响应：θ(ω) =−N
2 ω +π

F 幅度响应：H(ejω ) = 2
N/2

∑
n=1

h[N
2 −n]sinωn

0
−1

−0.5

0

0.5

1

0 π

n = 1n = 2
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3 型线性相位 FIR 滤波器
F 奇长度反对称序列：L 为奇数（最高阶数 N = L−1 为偶数，h[n] =−h[N−n]

(h[N/2] = 0)

F 3 型线性相位 FIR 滤波器的频率响应 (recall Chapter 5)

H(ejω ) =
N
∑
n=0

h[n]e−jωn = je−jωN/2
(

2
N/2

∑
n=1

h[N2 −n]sinωn
)

︸ ︷︷ ︸
=H̃(ejω )

F 相位响应：θ(ω) =−N
2 ω +π

F 幅度响应：H(ejω ) = 2
N/2

∑
n=1

h[N
2 −n]sinωn

0
−1

−0.5

0

0.5

1

0 π

n = 1n = 2n = 3
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3 型线性相位 FIR 滤波器
F 奇长度反对称序列：L 为奇数（最高阶数 N = L−1 为偶数，h[n] =−h[N−n]

(h[N/2] = 0)

F 3 型线性相位 FIR 滤波器的频率响应 (recall Chapter 5)

H(ejω ) =
N
∑
n=0

h[n]e−jωn = je−jωN/2
(

2
N/2

∑
n=1

h[N2 −n]sinωn
)

︸ ︷︷ ︸
=H̃(ejω )

F 相位响应：θ(ω) =−N
2 ω +π

F 幅度响应：H(ejω ) = 2
N/2

∑
n=1

h[N
2 −n]sinωn

0
−1

−0.5

0

0.5

1

0 π

n = 1n = 2n = 3
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3 型线性相位 FIR 滤波器
F 奇长度反对称序列：L 为奇数（最高阶数 N = L−1 为偶数，h[n] =−h[N−n]

(h[N/2] = 0)

F 3 型线性相位 FIR 滤波器的频率响应 (recall Chapter 5)

H(ejω ) =
N
∑
n=0

h[n]e−jωn = je−jωN/2
(

2
N/2

∑
n=1

h[N2 −n]sinωn
)

︸ ︷︷ ︸
=H̃(ejω )

F 相位响应：θ(ω) =−N
2 ω +π

F 幅度响应：H(ejω ) = 2
N/2

∑
n=1

h[N
2 −n]sinωn

0
−1

−0.5

0

0.5

1

0 π

n = 1n = 2n = 3
ω = π 和 ω = 0 处的所有余弦信号幅度都是 0
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4 型线性相位 FIR 滤波器
F 偶长度反对称序列：L 为偶数（最高阶数 N = L−1 为奇数），h[n] =−h[N−n]

F 4 型线性相位 FIR 滤波器的频率响应 (recall Chapter 5)

H(ejω ) =
N
∑
n=0

h[n]e−jωn = je−jωN/2
(

2
(N+1)/2

∑
n=1

h[N+1
2 −n]sin

(
ω
(

n− 1
2

)))
︸ ︷︷ ︸

=H̃(ejω )

F 相位响应：θ(ω) =−N
2 ω +π

F 幅度响应：H(ejω ) = 2
(N+1)/2

∑
n=1

h[N+1
2 −n]sin

(
ω
(

n− 1
2

))

0
−1

−0.5

0

0.5

1

0 π
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4 型线性相位 FIR 滤波器
F 偶长度反对称序列：L 为偶数（最高阶数 N = L−1 为奇数），h[n] =−h[N−n]

F 4 型线性相位 FIR 滤波器的频率响应 (recall Chapter 5)

H(ejω ) =
N
∑
n=0

h[n]e−jωn = je−jωN/2
(

2
(N+1)/2

∑
n=1

h[N+1
2 −n]sin

(
ω
(

n− 1
2

)))
︸ ︷︷ ︸

=H̃(ejω )

F 相位响应：θ(ω) =−N
2 ω +π

F 幅度响应：H(ejω ) = 2
(N+1)/2

∑
n=1

h[N+1
2 −n]sin

(
ω
(

n− 1
2

))

0
−1

−0.5

0

0.5

1

0 πn = 1

余磊 副教授 本科生课程，2018 秋 《数字信号处理》：数字滤波器设计 66 / 192



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

4 型线性相位 FIR 滤波器
F 偶长度反对称序列：L 为偶数（最高阶数 N = L−1 为奇数），h[n] =−h[N−n]

F 4 型线性相位 FIR 滤波器的频率响应 (recall Chapter 5)

H(ejω ) =
N
∑
n=0

h[n]e−jωn = je−jωN/2
(

2
(N+1)/2

∑
n=1

h[N+1
2 −n]sin

(
ω
(

n− 1
2

)))
︸ ︷︷ ︸

=H̃(ejω )

F 相位响应：θ(ω) =−N
2 ω +π

F 幅度响应：H(ejω ) = 2
(N+1)/2

∑
n=1

h[N+1
2 −n]sin

(
ω
(

n− 1
2

))

0
−1

−0.5

0

0.5

1

0 πn = 1

n = 2
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4 型线性相位 FIR 滤波器
F 偶长度反对称序列：L 为偶数（最高阶数 N = L−1 为奇数），h[n] =−h[N−n]

F 4 型线性相位 FIR 滤波器的频率响应 (recall Chapter 5)

H(ejω ) =
N
∑
n=0

h[n]e−jωn = je−jωN/2
(

2
(N+1)/2

∑
n=1

h[N+1
2 −n]sin

(
ω
(

n− 1
2

)))
︸ ︷︷ ︸

=H̃(ejω )

F 相位响应：θ(ω) =−N
2 ω +π

F 幅度响应：H(ejω ) = 2
(N+1)/2

∑
n=1

h[N+1
2 −n]sin

(
ω
(

n− 1
2

))

0
−1

−0.5

0

0.5

1

0 πn = 1

n = 2

n = 3
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4 型线性相位 FIR 滤波器
F 偶长度反对称序列：L 为偶数（最高阶数 N = L−1 为奇数），h[n] =−h[N−n]

F 4 型线性相位 FIR 滤波器的频率响应 (recall Chapter 5)

H(ejω ) =
N
∑
n=0

h[n]e−jωn = je−jωN/2
(

2
(N+1)/2

∑
n=1

h[N+1
2 −n]sin

(
ω
(

n− 1
2

)))
︸ ︷︷ ︸

=H̃(ejω )

F 相位响应：θ(ω) =−N
2 ω +π

F 幅度响应：H(ejω ) = 2
(N+1)/2

∑
n=1

h[N+1
2 −n]sin

(
ω
(

n− 1
2

))

0
−1

−0.5

0

0.5

1

0 πn = 1

n = 2

n = 3

ω = 0 处的所有余弦信号幅度都是 0
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线性相位 FIR 传输函数的零点位置

FIR 线性相位传输函数的零点位置（1-2 型镜像多项式；3-4 型反镜像多项式）：

h[n] =±h[N−n]⇒H(z) =±z−NH(z−1)

那么对于零点 z = ξ , 则 z = 1/ξ 也是零点

H(ξ ) = 0⇒H(ξ−1) = 0

所以，FIR 线性相位传输函数的零点位置是镜像对称的。

−1 0 1 2

−1

0

1

ξ1 ξ−1
1

Re(z)

Im
(z
)
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线性相位 FIR 传输函数的零点位置

FIR 线性相位传输函数的零点位置（1-2 型镜像多项式；3-4 型反镜像多项式）：

h[n] =±h[N−n]⇒H(z) =±z−NH(z−1)

那么对于零点 z = ξ , 则 z = 1/ξ 也是零点

H(ξ ) = 0⇒H(ξ−1) = 0

所以，FIR 线性相位传输函数的零点位置是镜像对称的。
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)
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线性相位 FIR 传输函数的零点位置

FIR 线性相位传输函数的零点位置（1-2 型镜像多项式；3-4 型反镜像多项式）：

h[n] =±h[N−n]⇒H(z) =±z−NH(z−1)

那么对于零点 z = ξ , 则 z = 1/ξ 也是零点

H(ξ ) = 0⇒H(ξ−1) = 0

所以，FIR 线性相位传输函数的零点位置是镜像对称的。
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z =±1 处的零点

1-2 型线性相位传输函数满足镜像多项式

H(z) = z−NH(z−1)⇒H(−1) = (−1)−NH(−1)⇒H(−1) = 0(2 型，N 为奇数)

3-4 型线性相位传输函数满足反镜像多项式

H(z) =−z−NH(z−1)⇒{
H(1) =−H(1)⇒H(1) = 0(3-4 型)

H(−1) =−(−1)−NH(−1)⇒H(−1) = 0(3 型, N 为偶数)

• 2 型线性相位传输函数不能用来做高通滤波器，因为 z =−1 处必有零点；
• 3 型线性相位传输函数不能用来做低通、高通和带阻滤波器，因为 z =±1 处必有
零点；

• 4 型线性相位传输函数不能用来做低通滤波器，因为 z = 1 处必有零点。
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z =±1 处的零点

1-2 型线性相位传输函数满足镜像多项式

H(z) = z−NH(z−1)⇒H(−1) = (−1)−NH(−1)⇒H(−1) = 0(2 型，N 为奇数)

3-4 型线性相位传输函数满足反镜像多项式

H(z) =−z−NH(z−1)⇒{
H(1) =−H(1)⇒H(1) = 0(3-4 型)

H(−1) =−(−1)−NH(−1)⇒H(−1) = 0(3 型, N 为偶数)

• 2 型线性相位传输函数不能用来做高通滤波器，因为 z =−1 处必有零点；

• 3 型线性相位传输函数不能用来做低通、高通和带阻滤波器，因为 z =±1 处必有
零点；

• 4 型线性相位传输函数不能用来做低通滤波器，因为 z = 1 处必有零点。
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z =±1 处的零点

1-2 型线性相位传输函数满足镜像多项式

H(z) = z−NH(z−1)⇒H(−1) = (−1)−NH(−1)⇒H(−1) = 0(2 型，N 为奇数)

3-4 型线性相位传输函数满足反镜像多项式

H(z) =−z−NH(z−1)⇒{
H(1) =−H(1)⇒H(1) = 0(3-4 型)

H(−1) =−(−1)−NH(−1)⇒H(−1) = 0(3 型, N 为偶数)

• 2 型线性相位传输函数不能用来做高通滤波器，因为 z =−1 处必有零点；
• 3 型线性相位传输函数不能用来做低通、高通和带阻滤波器，因为 z =±1 处必有
零点；

• 4 型线性相位传输函数不能用来做低通滤波器，因为 z = 1 处必有零点。
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1-2 型线性相位传输函数满足镜像多项式

H(z) = z−NH(z−1)⇒H(−1) = (−1)−NH(−1)⇒H(−1) = 0(2 型，N 为奇数)

3-4 型线性相位传输函数满足反镜像多项式

H(z) =−z−NH(z−1)⇒{
H(1) =−H(1)⇒H(1) = 0(3-4 型)

H(−1) =−(−1)−NH(−1)⇒H(−1) = 0(3 型, N 为偶数)

• 2 型线性相位传输函数不能用来做高通滤波器，因为 z =−1 处必有零点；
• 3 型线性相位传输函数不能用来做低通、高通和带阻滤波器，因为 z =±1 处必有
零点；

• 4 型线性相位传输函数不能用来做低通滤波器，因为 z = 1 处必有零点。
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线性相位 FIR 滤波器
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Outline

1 介绍

2 数字滤波器分类：基于幅度响应
低通、高通、带通、带阻
有界实传输函数
全通滤波器

3 数字滤波器分类：基于相位响应
零相位
线性相位
最大/小相位

4 数字滤波器分类：其他

5 数字滤波器设计方法
IIR 数字滤波器
双线性变换
谱变换

FIR 数字滤波器
加窗冲激响应
窗函数形状

计算机辅助滤波器设计
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最小相位、最大相位传输函数

考虑下面两个 1 阶传输函数 |a|< 1, |b|< 1

H1(z) =
z+b
z+a H2(z) =

bz+1
z+a

−1 0 1 2

−1

0

1

−b−a

−1 0 1 2

−1

0

1

−1/b−a

F 幅度响应相同：H1(z)H1(z−1) = H2(z)H2(z−1)

F 相位响应不同：

arg[H1(ejω )] = tan−1 sinω
b+cosω

− tan−1 sinω
a+cosω

arg[H2(ejω )] = tan−1 bsinω
1+bcosω

− tan−1 sinω
a+cosω
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相位响应

Let a = 0.8 and b =−0.5, the phase responses for two transfer functions

H2(z) 滞后于 H1(z)
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相位响应

Let a = 0.8 and b =−0.5, the phase responses for two transfer functions

H2(z) 滞后于 H1(z)
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相位响应

H2(z) 滞后于 H1(z) 的原因：

H2(z) =
bz+1
z+a =

( z+b
z+a

)
︸ ︷︷ ︸

H1(z)

·
(bz+1

z+b

)
︸ ︷︷ ︸

A(z)

其中，A(z) 为稳定的全通函数。
那么，H1(z) 和 H2(z) 的相位响应的关系

arg[H2(ejω )] = arg[H1(ejω )]+arg[A(ejω )]

全通传输函数 (群延迟 τ1(ω)> 0,∀ω),

arg[A(ejω )]< 0
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最小/最大相位传输函数

对于任意的因果稳定传输函数 H(z) (所有极点都在单位圆内)，那么可以将传输函数分
解为

H(z) = Hm(z)A(z)

• Hm(z) 的所有零点都在单位圆内
• A(z) 为因果稳定全通传输函数

The unwrapped phase function of Hm(z) and H(z) are thus related through

arg[H(ejω )] = arg[Hm(ejω )]+arg[A(ejω )]

H(z) 滞后于 Hm(z)

余磊 副教授 本科生课程，2018 秋 《数字信号处理》：数字滤波器设计 74 / 192



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

最小/最大相位传输函数

对于任意的因果稳定传输函数 H(z) (所有极点都在单位圆内)，那么可以将传输函数分
解为

H(z) = Hm(z)A(z)

• Hm(z) 的所有零点都在单位圆内
• A(z) 为因果稳定全通传输函数

The unwrapped phase function of Hm(z) and H(z) are thus related through

arg[H(ejω )] = arg[Hm(ejω )]+arg[A(ejω )]

H(z) 滞后于 Hm(z)
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最小/最大相位传输函数

因果稳定传输函数（极点全部在单位圆内）

• 若所有零点都在单位圆内，则称为最小相位传输函数
• 若所有零点都在单位圆外，则称为最大相位传输函数
• 若单位圆内和圆外都有零点，则称为混合相位传输函数
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Example

考虑下面的混合相位传输函数，

H(z) = 2(1+0.3z−1)(0.4−z−1)
(1−0.2z−1)(1+0.5z−1)

可以将其分解为如下形式

H(z) =
[2(1+0.3z−1)(1−0.4z−1)
(1−0.2z−1)(1+0.5z−1)

]
︸ ︷︷ ︸
Minimumn-phase function

·
( 0.4−z−1

1−0.4z−1

)
︸ ︷︷ ︸

Allpass function
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Outline

1 介绍

2 数字滤波器分类：基于幅度响应
低通、高通、带通、带阻
有界实传输函数
全通滤波器

3 数字滤波器分类：基于相位响应
零相位
线性相位
最大/小相位

4 数字滤波器分类：其他

5 数字滤波器设计方法
IIR 数字滤波器
双线性变换
谱变换

FIR 数字滤波器
加窗冲激响应
窗函数形状

计算机辅助滤波器设计
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数字积分器

理想数字积分器的频率响应为

HINT(ejω ) =
1
jω

实际数字积分器通常采用近似上述频率响应的方法

• 前向矩形积分器（Forward rectangular integrator）
• 后向矩形积分器（Backward rectangular integrator）
• 梯形积分器（Trapezoidal integrator）
• 辛普森积分器（Simpson integrator）
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前向矩形积分器

时域输入输出关系为

y[n] = y[n−1]+T ·x[n−1] T 为采样周期

传输函数为

HFR(z) = T
( z−1

1−z−1

)
频率响应为

|HFR(ejω )|= T√
(1−cosω)2 + sin2 ω

=
T

2|sin ω
2 |
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.

后向矩形积分器

时域输入输出关系为

y[n] = y[n−1]+T ·x[n] T 为采样周期

传输函数为

HBR(z) = T
( 1

1−z−1

)
频率响应为

|HBR(ejω )|= T√
(1−cosω)2 + sin2 ω

=
T

2|sin ω
2 |
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梯形积分器

时域输入输出关系为

y[n] = y[n−1]+ T
2 · (x[n]+x[n−1]) T 为采样周期

传输函数为

HTR(z) =
T
2

(1+ z−1

1−z−1

)
频率响应为

|HTR(ejω )|= T
√

(1+cosω)2 + sin2 ω
(1−cosω)2 + sin2 ω

=
T

2|tan ω
2 |
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辛普森积分器

时域输入输出关系为

y[n] = y[n−2]+ T
3 · (x[n]+4x[n−1]+x[n−2]) T 为采样周期

传输函数为

HSI(z) =
T
3

(1+4z−1 + z−2

1−z−2

)
频率响应为

|HSI(ejω )|= T
3

∣∣∣∣2+cosω
sinω

∣∣∣∣
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不同积分器的频率响应
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数字微分器

理想数字微分器的频率响应为
HDIFF(ejω ) = jω

实际数字微分器通常采用近似上述频率响应的方法

• 一阶差分微分器（First-Difference Differentiator）
• 中心差分微分器（Central-Difference Differentiator）
• 高阶微分器（Higher-order Differentiator）
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一阶差分微分器

时域输入输出关系为
y[n] = x[n]−x[n−1]

传输函数为
HFD(z) = 1−z−1

频率响应为

|HFD(ejω )|= 2|sin ω
2 |
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中心差分微分器

时域输入输出关系为

y[n] = 1
2 (x[n]−x[n−2])

传输函数为

HCD(z) =
1
2 (1−z−2)

频率响应为
|HFD(ejω )|= |sinω|
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高阶微分器

时域输入输出关系为

y[n] =− 1
12 x[n]+ 2

3 x[n−1]− 2
3 x[n−3]+ 1

12 x[n−4]

传输函数为

HID(z) =−
1
12 +

2
3 z−1− 2

3 z−3 +
1
12 z−4

频率响应为

|HID(ejω )|= 1
6 |8sinω− sin(2ω)|
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不同微分器的频率响应
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Outline

1 介绍

2 数字滤波器分类：基于幅度响应
低通、高通、带通、带阻
有界实传输函数
全通滤波器

3 数字滤波器分类：基于相位响应
零相位
线性相位
最大/小相位

4 数字滤波器分类：其他

5 数字滤波器设计方法
IIR 数字滤波器
双线性变换
谱变换

FIR 数字滤波器
加窗冲激响应
窗函数形状

计算机辅助滤波器设计
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Outline

1 介绍

2 数字滤波器分类：基于幅度响应
低通、高通、带通、带阻
有界实传输函数
全通滤波器

3 数字滤波器分类：基于相位响应
零相位
线性相位
最大/小相位

4 数字滤波器分类：其他

5 数字滤波器设计方法
IIR 数字滤波器
双线性变换
谱变换

FIR 数字滤波器
加窗冲激响应
窗函数形状

计算机辅助滤波器设计

余磊 副教授 本科生课程，2018 秋 《数字信号处理》：数字滤波器设计 90 / 192



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Basic Approaches to Design IIR Filters

模
拟
滤
波
器
设
计
方
法

Input:
数字滤波器指标

Specification Convertion：
模拟滤波器指标

Analog Filter Design:
设计模拟滤波器 Ha(s)

Transform:
Ha(s)→ G(z)

s = F(z)

z = F−1(s)

s-Domain

σ < 0

σ

jΩ

z-Domain

Re{z}
Im{z}
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Analog Filter Design

回顾一下模拟滤波器设计方法（附录 A）：
• 通带和阻带纹波 与 平坦度
• 纹波越大 → 过渡带越窄

2013-11-11Dan Ellis 10

2. Analog Filter Design
 Decades of analysis of transistor-based 

filters – sophisticated, well understood
 Basic choices:

 ripples vs. flatness in stop and/or passband
 more ripples → narrower transition band

Family PassBand StopBand

Butterworth flat flat
Chebyshev I ripples flat
Chebyshev II flat ripples

Elliptical ripples ripples
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Continuous time Transfer Function

模拟系统的传输函数定义为冲击响应的 Laplace 变换

2013-11-11Dan Ellis 11

CT Transfer Functions
 Analog systems: s-transform (Laplace)

 frequency response still from a polynomial
Continuous-time Discrete-time

� 

Ha s( ) = ha t( )estdt

� 

Hd z( ) = hd n[ ]znTransform

Frequency
response

Pole/zero
diagram

� 

Ha j( )

� 

Hd e
j( )

s-plane
Re{s}

Im{s}
j�

stable
poles

stable
poles z-plane

Re{z}

Im{z}

1

ej⇤

s scales freq
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Butterworth Filters

巴特沃斯滤波器在通带和阻带内具有最大平坦度
低通巴特沃斯滤波器的幅度响应：

|Ha(jΩ)|2 =
1

1+
(

Ω
Ωc

)2N

N 为滤波器阶数
Ωc 为滤波器阶数

Ω≪Ωc, |Ha(jΩ)|2→ 1
Ω=Ωc, |Ha(jΩ)|2 = 1/2

0 1 2 30

0.2

0.4

0.6

0.8

1

N=4

N=2N=10

Ω/Ωc

| H
a(

jΩ
)|

2
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Butterworth Filters

确定 Butterworth 滤波器的阶数

2013-11-11Dan Ellis

Ha(j )

p s

√

A

14

Butterworth Filters
 How to meet design specifications?

     

    

� 

1

1+  p
c( )2N


1

1+  2

  

� 

1
1+ s

c( )2N

1
A2

� 

k1 = 
A2 1

=“discrimination”, ≪ 1

� 

k =
 p

s
=“selectivity”, < 1
� 

N  1
2
log10 A 21

 2( )
log10

s
p( )

Design
Equation

传输函数 Ha(s) =
1

BN(s/Ωc)

• 查表得到
• Matlab 的信号处理工具箱
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Example

2013-11-11Dan Ellis

1kHz
p

5kHz
s

√

A

0 dB
= -1 dB

= -40 dB

16

Butterworth Example

� 

1dB = 20 log10
1
1+2

� 

2 = 0.259

� 

40dB = 20 log10 1A

� 

 A =100

Design a Butterworth 
filter with 1 dB cutoff 
at 1kHz and a 
minimum attenuation 
of 40 dB at 5 kHz

� 

s
 p

= 5

� 

N  1
2
log10 99990.259

log10 5
 N = 4  3.28
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Example

Determine Butterworth Transfer Function:
• 滤波器阶数确定为 N = 4 , 由于 Ωp = 1kHz 时候幅度为-1dB，

−10log10

(
1+

(
Ωs
Ωc

)2N
)

=−1dB⇒Ωc = 1.184kHz

• 通过查表得到 Ha(s)
Ha(s) =

1
B4(s/(2πΩc))

• 或者通过 Matlab 可以得到：
[B,A] = butter(N,Wc,’s’);

Ha(s) =
3.063×1015

s4 +1.944×104s3 +1.890×108s2 +1.076×1012s+3.063×1015

2013-11-11Dan Ellis

0 2000 4000 6000
-60

-50

-40

-30

-20

-10

0

freq / Hz

ga
in

 / 
dB

17

Butterworth Example
 Order N = 4 will satisfy constraints;

What are !c and filter coefficients?
 from a table, !-1dB = 0.845 when !c = 1
⇒ !c = 1000/0.845 = 1.184 kHz

 from a table, get normalized coefficients for 
N = 4, scale by 1184·2⇥

 Or, use Matlab:
 [B,A] = 
butter(N,Wc,’s’);

M
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Chebyshev I Filter

2013-11-11Dan Ellis 18

Chebyshev I Filter
 Equiripple in passband (flat in stopband)
→ minimize maximum error

Chebyshev
polynomial
of order N

0 0.5 1 1.5 2
-40

-30

-20

-10

0

ga
in

 / 
dB

N 

N 

ripple
depth

|H(j�)|2 =
1

1 + �2T 2
N ( �

�p
)

TN (�) =

�
cos(N cos�1 �) |�| � 1
cosh(N cosh�1 �) |�| > 1

(Чебышёв)
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Chebyshev II Filter
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Elliptical Filter
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Analog Filter design

2013-11-11Dan Ellis 24

Analog Filter Types Summary

N = 6

r = 3 dB

A = 40 dB

0 0.5 1 1.5 2
-60

-50

-40

-30

-20

-10

0

0 0.5 1 1.5 2
-60

-50

-40

-30

-20

-10

0

0 0.5 1 1.5 2
-60

-50

-40

-30

-20

-10

0

0 0.5 1 1.5 2
-60

-50

-40

-30

-20

-10

0

1
1c

ga
in

 / 
dB

1
ga

in
 / 

dB

1

ga
in

 / 
dB

1

ga
in

 / 
dB

Butterworth Chebyshev I

Chebyshev II Elliptical

1s

1p

r

r

A A

1p
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Basic Approaches to Design IIR Filters

模
拟
滤
波
器
设
计
方
法

Input:
数字滤波器指标

Specification Convertion：
模拟滤波器指标

Analog Filter Design:
设计模拟滤波器 Ha(s)

Transform:
Ha(s)→ G(z)

s = F(z)

z = F−1(s)

双线性变换

s-Domain

σ < 0

σ

jΩ

z-Domain

Re{z}
Im{z}

余磊 副教授 本科生课程，2018 秋 《数字信号处理》：数字滤波器设计
102 /
192



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Design IIR Digital Filters via Analog Filters

将设计好的模拟滤波器变换成等效的数字滤波器

Ha(s)→ G(z) 或者G(z) = Ha(s)|s=F(z)

2013-11-11Dan Ellis 31

3. Analog Protos → IIR Filters
 Can we map high-performance CT 

filters to DT domain?
 Approach:  transformation Ha(s)→G(z) 

i.e. 
 where s = F(z) maps s-plane ↔ z-plane:

� 

G z( ) = Ha s( ) s=F z( )

s-plane

Re{s}

Im{s}

z-plane

Re{z}

Im{z}

1

Ha(s0) G(z0)
Every value of G(z)
is a value of Ha(s)
somewhere on the 
s-plane & vice-versa

s = F(z)
z = F-1(s)

如何定义从 s-域到 z-域的变换：s = F(z)?
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CT to DT Transformation

s = F(z) 需要满足如下条件：
• s-域中的jΩ 轴 ↔ z-域中的单位圆
使得变换后频率响应不变

• s-域中的左半平面 ↔ z-域中的单位圆内
使得变换后系统稳定性不变

2013-11-11Dan Ellis 32

CT to DT Transformation
 Desired properties for s = F(z):

 s-plane j! axis ↔ z-plane unit circle 
→ preserves frequency response values

 s-plane LHHP ↔ z-plane unit circle interior
→ preserves stability of poles

s-plane

Re{s}

Im{s}

j!

z-plane

Re{z}

Im{z}

1

ej⇤

LHHP↔UCI

Im↔u.c.
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Bilinear Transformation

定义从 z 平面到 s 平面的双线性变换 s = F(z)

s = 2
T

( 1−z−1

1+ z−1

)
从 s 平面到 z 平面的逆双线性变换 z = F−1(s)

z =
1+ T

2 s
1− T

2 s

可以得出 s = σ0 + jΩ0

|z|2 =
(1+ T

2 σ0)2 +(T
2 Ω0)2

(1− T
2 σ0)2 +(T

2 Ω0)2


< 1 σ0 < 0
= 1 σ0 = 0
> 1 σ0 > 0
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Bilinear Transformation

余磊 副教授 本科生课程，2018 秋 《数字信号处理》：数字滤波器设计
106 /
192



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Bilinear Transformation

s 平面的虚轴 (s = jΩ) 与 z 平面的单位圆 (z = ejω ) 之间的关系

jΩ=
2
T

( 1−e−jω

1+e−jω

)
= j 2

T tan(ω/2)

连续频率 Ω 和离散域频率 ω 之间的关系为

Ω=
2
T tan

(ω
2
)

ω = 2arctan
(
ΩT
2

)

2013-11-11Dan Ellis 35

Bilinear Transformation
 What is CT↔DT freq. relation !↔⇤ ?

 i.e.

 infinite range of CT frequency 
maps to finite DT freq. range

 nonlinear;      as ⇤ → ⇥

� 

z = e j  s = 1e j
1+e j

= 2 j sin /2
2 cos /2 = j tan 2u.circle im.axis

    

� 

 = tan 
2( )

 = 2 tan1

� 

< <

� 

 < < 

� 

d
d pack it all in!

(CT)

(DT)

-5 0 5
-

-0.5

0

0.5
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Frequency Warping

双线性变换是一个非线性变换

ω = 2arctan
(
ΩT
2

)
说明双线性变换将范围在 (−∞,∞) 的连续频率 Ω 映射到范围在

(−π,π) 的离散频率 ω
双线性变换会引起频率畸变

G(ejω ) = Ha(jΩ)|ω=2arctan( ΩT
2 )

2013-11-11Dan Ellis 36

Frequency Warping
 Bilinear transform makes 

       for all ⇤, !

� 

G e j( ) = Ha j( )=2 tan1

  Same gain & 
   phase (⌅, A...),
   in same ‘order’, 
   but with 
   warped 
   frequency axis

0 1 2 3 4 5 6
-60

-40

-20

0

-60 -40 -20 0
0

0.2

0.4

0.6

0.8

/

1

1

|Ha(j1)|

|G(ejt)|

t = 2tan<1(1)

tt
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Design IIR Filters via Bilinear Transformation

模
拟
滤
波
器
设
计
方
法

Input: 低通
数字滤波器指标

Specification Convertion：
模拟滤波器指标

Analog Filter Design:
设计模拟滤波器 Ha(s)

Transform:
Ha(s)→ G(z)

Ω =
2
T tan

(ω
2
)

s = 2
T

( 1−z−1

1+ z−1

)

G(z) = Ha(s)|s= 2
T
(

1−z−1
1+z−1

) Ha(s)

通（阻）带边界频率：
ωp,ωs

通（阻）带边界频率：
Ωp,Ωs

2

7
Copyright © 2010, S. K. Mitra

Digital Filter SpecificationsDigital Filter Specifications
• - passband edge frequency
• - stopband edge frequency
• - peak ripple value in the passband
• - peak ripple value in the stopband
• Since             is a periodic function of ω, 

and               of a real-coefficient digital 
filter is an even function of ω

• As a result, filter specifications are given 
only for the frequency range

pω

sω

sδ
pδ

)( ωjeG
)( ωjeG

π≤ω≤0
8

Copyright © 2010, S. K. Mitra

Digital Filter SpecificationsDigital Filter Specifications

• Specifications are often given in terms of 
loss function A in 
dB

• Peak passband ripple
dB

• Minimum stopband attenuation
dB

)(log20)( 10
ω−=ω jeG

)1(log20 10 pp δ−−=α

)(log20 10 ss δ−=α

9
Copyright © 2010, S. K. Mitra

Digital Filter SpecificationsDigital Filter Specifications
• Magnitude specifications may alternately be 

given in a normalized form as indicated 
below

0
0

1

1
1 + ε2

G(e jω) 

Transition
band

ωs
ω

πωp

Passband Stopband

1
A

10
Copyright © 2010, S. K. Mitra

Digital Filter SpecificationsDigital Filter Specifications
• Here, the maximum value of the magnitude 

in the passband is assumed to be unity

• - Maximum passband deviation, 
given by the minimum value of the 
magnitude in the passband

• - Maximum stopband magnitudeA
1

21/1 ε+

11
Copyright © 2010, S. K. Mitra

Digital Filter SpecificationsDigital Filter Specifications

• For the normalized specification, maximum 
value of the gain function or the minimum 
value of the loss function is 0 dB

• Maximum passband attenuation -
dB

• For             , it can be shown that
dB

( )2
10max 1log20 ε+=α

1<<δ p
)21(log20 10max pδ−−≅α

12
Copyright © 2010, S. K. Mitra

Digital Filter SpecificationsDigital Filter Specifications
• In practice, passband edge frequency         

and stopband edge frequency      are 
specified in Hz

• For digital filter design, normalized 
bandedge frequencies need to be computed 
from specifications in Hz using

TF
F
F

F p
T

p

T

p
p π=

π
=

Ω
=ω 2

2

TF
F
F

F s
T

s

T

s
s π=π=Ω=ω 22

sF
pF
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Example 1

设计满足下列指标的数字滤波器：

2013-11-11Dan Ellis 38

Bilinear Transform Example
 DT domain requirements: 

Lowpass, 1 dB ripple in PB, ⇤p = 0.4⇥, 
SB attenuation ≥ 40 dB @ ⇤s = 0.5⇥,
attenuation increases with frequency

PB ripples,
SB monotonic
→ Chebyshev I

0.4 0. 15

-40

-1
0

|G
(e

j
)| 

/ d
B
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Example 1

• 指标变换：

Ωp = tan ωp
2 = tan0.2π = 0.7265rad/sec

Ωs = tan ωs
2 = tan0.25π = 1.0rad/sec

• 幅度指标：

1dB 通带波纹

⇒ 1√
1+ ε2 = 10−1/20 = 0.8913⇒ ε = 0.5078

40dB 阻带衰减

⇒ 1
A = 10−40/20 = 0.01⇒ A = 100

• Chebyshev I 滤波器设计 - 最小阶数：

N≥
cosh−1

(√
A2−1
ε

)
cosh−1

(
Ωs
Ωp

) = 7.09⇒N = 8
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Example 1

• 设计模拟滤波器 → 双线性变换得到数字滤波器
N=8;
wp=0.7265;
pbripple = 1.0;
[ B,A ] = cheby1(N,pbripple,wp,’s’);
[ b,a ] = bilinear(B,A,.5);

• 幅度响应
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Example 2

设计满足下列指标的数字滤波器：

• 设计最大平坦幅度特性的低通滤波器
• 通带边界频率 ωp = 0.25π
• 阻带边界频率 ωs = 0.55π
• 通带波纹不超过 0.5dB
• 最小阻带衰减为 15dB
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Example 2

• 指标变换：

Ωp = tan ωp
2 = tan0.125π = 0.4142136

Ωs = tan ωs
2 = tan0.275π = 1.1708496

• 幅度指标：

0.5dB 通带波纹

⇒ 1√
1+ ε2 = 10−0.5/20⇒ ε = 0.3493114

15dB 阻带衰减

⇒ 1
A = 10−15/20⇒ A2 = 31.62278

• Butterworth 滤波器设计-最小阶数：

N≥
lg
(√

A2−1
ε

)
lg
(

Ωs
Ωp

) = 2.6587⇒N = 3

余磊 副教授 本科生课程，2018 秋 《数字信号处理》：数字滤波器设计
114 /
192



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Example 2

• 截止频率 Ωc：

|Ha(jΩp)|2 =
1

1+(Ωp/Ωc)2N = 10−0.5/10⇒Ωc = 0.588148

• 归一化（Ωc = 1）3 阶模拟 Butterworth 低通滤波器 Han(jΩ)：

Han(s) =
1

(s+1)(s2 + s+1) ⇒Ha(s) = Han

( s
Ωc

)
• 双线性变换： G(z) = Ha(s)|s= 1−z−1

1+z−1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 10

0.2

0.4

0.6

0.8

1

ω/π

| G
(z
)|

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
−40

−30

−20

−10

0

ω/π

| G
(z
)|
,d

B
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Filter Design via Matlab
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Filter Design via Matlab
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Other Filter Shapes

高通、带通、带阻滤波器设计方法

2013-11-11Dan Ellis 41

Other Filter Shapes
 Example was IIR LPF from LP prototype
 For other shapes (HPF, bandpass,...):

 Transform LP→X in CT or DT domain...

DT
specs

CT
specs

HLP(s)

HD(s)

GLP(z)

GD(z)

Bilinear
warp

Analog
design

CT
trans

DT
trans

Bilinear
transform

Bilinear
transform

谱变换方法？
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Continuous-time Spectral Transformation

连续时间谱变换方法

HLP(s)
s = F(̂s)

GGGGGGGGGGGGBFGGGGGGGGGGGG

ŝ = F−1(s)
HD (̂s)

• 低通 → 高通

s = F(̂s) = ΩpΩ̂p
ŝ

• 低通 → 带通

s = F(̂s) = Ωp
ŝ2 +Ω̂2

o
ŝ(Ω̂p2− Ω̂p1)

• 低通 → 带阻

s = F(̂s) = Ωs
ŝ(Ω̂s2− Ω̂s1)

ŝ2 +Ω̂2o

请参考附录 B

2013-11-11Dan Ellis 27

Lowpass-to-Highpass
 What happens to frequency response?

  

 Frequency axes inverted 

� 

s = j  ˆ s = p ˆ  p
j = j p ˆ  p

( )

� 

 ˆ  = p ˆ  p


� 

 = p  ˆ  =  ˆ  p

� 

 < p  ˆ  <  ˆ  p
LP passband HP passband

� 

 > p  ˆ  >  ˆ  p
LP stopband HP stopband

imaginary axis
stays on self...

...freq.→freq.

p

^

p
^

LPF

HPF
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Example 2

设计切比雪夫 1 型高通滤波器，指标为：
• 通带边界频率 Fp = 700Hz
• 阻带边界频率 Fs = 500Hz
• 通带波纹 αp = 1dB
• 阻带最小衰减 αs = 32dB
• 采样频率 FT = 2000Hz
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Example 2

1 归一化角频率

ωp =
2πFp
FT

= 0.7π

ωs =
2πFs
FT

= 0.5π

2 频率变换：离散时间 → 连续时间

Ω̂p = tan(ωp/2) = 1.9626
Ω̂s = tan(ωs/2) = 1.0

3 设计低通滤波器 → 高通滤波器

Ωp = 2⇒Ωs =
ΩpΩ̂p
Ω̂s

= 3.9352

4 双线性变换：连续时间 → 离散时间
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Example 2

MATLAB 实现
» [N,Wn] = cheb1ord(2,3.9252,1,32,’s’);
» [B,A] = cheby1(N,1,Wn,’s’);
» [BT,AT] = lp2hp(B,A,3.9252);
» [num,den]=bilinear(BT,AT,0.5);
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Discrete-time Spectral Transformation

离散时间谱变换方法

GLP(z)
z = F(ẑ)

GGGGGGGGGGGGGBFGGGGGGGGGGGGG

ẑ = F−1(z)
GD(ẑ)

变换函数 z = F(ẑ) 必须满足
• 单位圆 → 单位圆映射 (保证频率响应不变)
• 单位圆内 → 单位圆内映射 (保证稳定性)

|F(ẑ)|


> 1, |z|> 1
= 1, |z|= 1
< 1, |z|< 1

=⇒ 1
F(ẑ)是稳定全通函数
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Lowpass to lowpass
低通 → 低通变换

z−1 =
1

F(ẑ) =
1−α ẑ
ẑ−α

ẑ = ejω̂ ⇒ z−1 = e−jω =
1−αejω̂

ejω̂ −α
⇒ tan

(ω
2
)
=

1+α
1−α

tan
(

ω̂
2

)

⇒ tan
(ωc

2
)
=

1+α
1−α

tan
(

ω̂c
2

)
⇒ α =

sin
(

ωc−ω̂c
2

)
sin
(

ωc+ω̂c
2

)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 10

0.2

0.4

0.6

0.8

1

α = 0.6

α =−0.6

ω̂/π

ω
/π

α > 0: 高频扩展

α < 0: 低频扩展
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Lowpass to highpass
低通 → 高通变换

z−1 =
1

F(ẑ) =−1−α ẑ
ẑ−α

ẑ = ejω̂ ⇒ z−1 = e−jω =−1−αejω̂

ejω̂ −α
⇒ tan

(ω
2
)
=

1+α
1−α

cot
(

ω̂
2

)

⇒ tan
(ωc

2
)
=

1+α
1−α

cot
(

ω̂c
2

)
⇒ α =−

cos
(

ωc+ω̂c
2

)
cos
(

ωc−ω̂c
2

)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 10

0.2

0.4

0.6

0.8

1

α = 0.6

α =−0.6

ω̂/π

ω
/π

α > 0: 高频扩展

α < 0: 低频扩展
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Other shapes

带通和带阻的谱变换方法：【自学】参考书本第 361 页，表 9.1
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Example 2

设计切比雪夫 1 型高通滤波器，指标为：
• 通带边界频率 Fp = 700Hz
• 阻带边界频率 Fs = 500Hz
• 通带波纹 αp = 1dB
• 阻带最小衰减 αs = 32dB
• 采样频率 FT = 2000Hz
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Example 2

1 归一化角频率
谱变换

GGGGGGGGGGGA 低通滤波器器归一化角频率

ωp =
2πFp
FT

= 0.7π

ωs =
2πFs
FT

= 0.5π

⇒ ω̂p = ωs
ω̂s = ωp

⇒ α =−
cos
(

ωp+ω̂p
2

)
cos
(

ωp−ω̂p
2

) = 1

2 频率变换：离散时间 → 连续时间

Ω̂p = tan(ω̂p/2) = 1.0
Ω̂s = tan(ω̂s/2) = 1.9626

3 设计模拟低通滤波器 Ha(s)
双线性变换

GGGGGGGGGGGGGGGGA 数字低通滤波器 GLP(z)

4 数字低通滤波器 GLP(z)
谱变换

GGGGGGGGGGGA 数字高通滤波器 GHP(z)

GHP(z) = GLP(z′)|z′=− 1−αz
z−α

余磊 副教授 本科生课程，2018 秋 《数字信号处理》：数字滤波器设计
128 /
192



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Example 2

MATLAB 实现
» [N,Wn] = cheb1ord(1,1.9626,1,32,’s’);
» [B,A] = cheby1(N,1,Wn,’s’);
» [num,den]=bilinear(B,A,0.5);
» [n0,d0] = iirlp2hp(num,den,0.7,0.5);
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Design Digital Filter is Simple!
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Summary

模
拟
滤
波
器
设
计
方
法

Input: 低通
数字滤波器指标

Specification Convertion：
模拟滤波器指标

Analog Filter Design:
设计模拟滤波器 Ha(s)

Transform:
Ha(s)→ G(z)

Ω =
2
T tan

(ω
2
)

s = 2
T

( 1−z−1

1+ z−1

)

G(z) = Ha(s)|s= 2
T
(

1−z−1
1+z−1

) Ha(s)

通（阻）带边界频率：
ωp,ωs

通（阻）带边界频率：
Ωp,Ωs

2

7
Copyright © 2010, S. K. Mitra

Digital Filter SpecificationsDigital Filter Specifications
• - passband edge frequency
• - stopband edge frequency
• - peak ripple value in the passband
• - peak ripple value in the stopband
• Since             is a periodic function of ω, 

and               of a real-coefficient digital 
filter is an even function of ω

• As a result, filter specifications are given 
only for the frequency range

pω

sω

sδ
pδ

)( ωjeG
)( ωjeG

π≤ω≤0
8
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Digital Filter SpecificationsDigital Filter Specifications

• Specifications are often given in terms of 
loss function A in 
dB

• Peak passband ripple
dB

• Minimum stopband attenuation
dB

)(log20)( 10
ω−=ω jeG

)1(log20 10 pp δ−−=α

)(log20 10 ss δ−=α

9
Copyright © 2010, S. K. Mitra

Digital Filter SpecificationsDigital Filter Specifications
• Magnitude specifications may alternately be 

given in a normalized form as indicated 
below

0
0

1

1
1 + ε2

G(e jω) 

Transition
band

ωs
ω

πωp

Passband Stopband

1
A

10
Copyright © 2010, S. K. Mitra

Digital Filter SpecificationsDigital Filter Specifications
• Here, the maximum value of the magnitude 

in the passband is assumed to be unity

• - Maximum passband deviation, 
given by the minimum value of the 
magnitude in the passband

• - Maximum stopband magnitudeA
1

21/1 ε+

11
Copyright © 2010, S. K. Mitra

Digital Filter SpecificationsDigital Filter Specifications

• For the normalized specification, maximum 
value of the gain function or the minimum 
value of the loss function is 0 dB

• Maximum passband attenuation -
dB

• For             , it can be shown that
dB

( )2
10max 1log20 ε+=α

1<<δ p
)21(log20 10max pδ−−≅α

12
Copyright © 2010, S. K. Mitra

Digital Filter SpecificationsDigital Filter Specifications
• In practice, passband edge frequency         

and stopband edge frequency      are 
specified in Hz

• For digital filter design, normalized 
bandedge frequencies need to be computed 
from specifications in Hz using

TF
F
F

F p
T

p

T

p
p π=

π
=

Ω
=ω 2

2

TF
F
F

F s
T

s

T

s
s π=π=Ω=ω 22

sF
pF
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Outline

1 介绍

2 数字滤波器分类：基于幅度响应
低通、高通、带通、带阻
有界实传输函数
全通滤波器

3 数字滤波器分类：基于相位响应
零相位
线性相位
最大/小相位

4 数字滤波器分类：其他

5 数字滤波器设计方法
IIR 数字滤波器
双线性变换
谱变换

FIR 数字滤波器
加窗冲激响应
窗函数形状

计算机辅助滤波器设计
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FIR Filter Design

2013-11-11Dan Ellis 7

Filter Type Choice: FIR vs. IIR
  FIR

 No feedback
(just zeros)

 Always stable
 Can be 

linear phase
 High order 

(20-2000)
 Unrelated to 

continuous-
time filtering

  IIR
 Feedback

(poles & zeros)
 May be unstable
 Difficult to control 

phase
 Typ. < 1/10th 

order of FIR (4-20)
 Derive from 

analog prototype

BUT
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FIR Filter Design

N 阶 FIR 滤波器传输函数

H(z) =
N
∑
n=0

h[n]z−n

频率响应函数

H(ejω ) =
N
∑
n=0

h[n]e−jωn
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FIR Filter Design

Input: 低通
数字滤波器指标

Specification Convertion：
模拟滤波器指标

Analog Filter Design:
设计模拟滤波器 Ha(s)

Output:
设计 FIR 滤波器 Ht(z)

FIR 滤波器设计方法：
1. 加窗傅里叶级数
2. 计算机辅助方法

通（阻）带边界频率：
ωp,ωs

1

1
Copyright © 2010, S. K. Mitra

Digital Filter DesignDigital Filter Design

• Objective - Determination of a realizable 
transfer function G(z) approximating a 
given frequency response specification is an 
important step in the development of a 
digital filter

• If an IIR filter is desired, G(z) should be a 
stable real rational function

• Digital filter design is the process of 
deriving the transfer function G(z)

2
Copyright © 2010, S. K. Mitra

Digital Filter SpecificationsDigital Filter Specifications
• Usually, either the magnitude and/or the 

phase (delay) response is specified for the 
design of digital filter for most applications

• In some situations, the unit sample response
or the step response may be specified

• In most practical applications, the problem 
of interest is the development of a realizable 
approximation to a given magnitude 
response specification

3
Copyright © 2010, S. K. Mitra

Digital Filter SpecificationsDigital Filter Specifications
• We discuss in this course only the 

magnitude approximation problem
• There are four basic types of ideal filters 

with magnitude responses as shown below

 

1

   
0    c  – c

HLP(e j )

      
0    c  – c

1

HHP(e j )

  

   
   

11–

  – c1    c1  – c2    c2

HBP (e j )

      

1

  – c1    c1  – c2    c2

HBS(e j )

4
Copyright © 2010, S. K. Mitra

Digital Filter SpecificationsDigital Filter Specifications
• As the impulse response corresponding to 

each of these ideal filters is noncausal and 
of infinite length, these filters are not 
realizable

• In practice, the magnitude response 
specifications of a digital filter in the 
passband and in the stopband are given with 
some acceptable tolerances

• In addition, a transition band is specified 
between the passband and stopband

5
Copyright © 2010, S. K. Mitra

Digital Filter SpecificationsDigital Filter Specifications
• For example, the magnitude response          

of a digital lowpass filter with a real rational 
transfer function G(z) may be given as 
indicated below

)( ωjeG

0
0

1 + δp

1    δp

G(e jω) 

Transition
band

δs

ωs
ω

πωp

Passband Stopband

_

6
Copyright © 2010, S. K. Mitra

Digital Filter SpecificationsDigital Filter Specifications
• As indicated in the figure, in the passband, 

defined by                   , we require that         
with an error          , i.e.,

• In the stopband, defined by                 , we 
require that                    with an error      , 
i.e.,

1)( ≅ωjeG

0)( ≅ωjeG sδ

pδ±
pω≤ω≤0

π≤ω≤ωs

pp
j

p eG ω≤ωδ+≤≤δ− ω ,1)(1

π≤ω≤ωδ≤ω
ss

jeG ,)(
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Windowed Impulse Response

2M+1 点冲击响应序列 ht[n]
最佳估计

GGGGGGGGGGGGGGA 滤波器频率响应 Hd(ejω )

最小积分平方误差准则：

min
ht[n]



ϕ =
1

2π

∫ ∞

−∞

∣∣∣Hd(ejω )− Ht(ejω )
∣∣∣2 dω

Parseval
GGGGGGGGGGGGGBFGGGGGGGGGGGGG

∞

∑
n=−∞

|hd[n]−ht[n]|2

=
M
∑

n=−M
|hd[n]−ht[n]|2 + ∑

|n|>M
|hd[n]|2



最佳估计
ht[n] = hd[n], ∀−M≤ n≤M

= DTFT{ht[n]}
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Windowed Impulse Response

2M+1 点冲击响应序列 ht[n]
最佳估计

GGGGGGGGGGGGGGA 滤波器频率响应 Hd(ejω )

最小积分平方误差准则：

min
ht[n]



ϕ =
1

2π

∫ ∞

−∞

∣∣∣Hd(ejω )− Ht(ejω )
∣∣∣2 dω

Parseval
GGGGGGGGGGGGGBFGGGGGGGGGGGGG

∞

∑
n=−∞

|hd[n]−ht[n]|2

=
M
∑

n=−M
|hd[n]−ht[n]|2 + ∑

|n|>M
|hd[n]|2



最佳估计
ht[n] = hd[n], ∀−M≤ n≤M

= DTFT{ht[n]}
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Windowed Impulse Response

2M+1 点冲击响应序列 ht[n]
最佳估计

GGGGGGGGGGGGGGA 滤波器频率响应 Hd(ejω )

最小积分平方误差准则：

min
ht[n]



ϕ =
1

2π

∫ ∞

−∞

∣∣∣Hd(ejω )− Ht(ejω )
∣∣∣2 dω

Parseval
GGGGGGGGGGGGGBFGGGGGGGGGGGGG

∞

∑
n=−∞

|hd[n]−ht[n]|2

=
M
∑

n=−M
|hd[n]−ht[n]|2 + ∑

|n|>M
|hd[n]|2



最佳估计
ht[n] = hd[n], ∀−M≤ n≤M

= DTFT{ht[n]}
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Windowed Impulse Response

2M+1 点冲击响应序列 ht[n]
最佳估计

GGGGGGGGGGGGGGA 滤波器频率响应 Hd(ejω )

最小积分平方误差准则：

min
ht[n]



ϕ =
1

2π

∫ ∞

−∞

∣∣∣Hd(ejω )− Ht(ejω )
∣∣∣2 dω

Parseval
GGGGGGGGGGGGGBFGGGGGGGGGGGGG

∞

∑
n=−∞

|hd[n]−ht[n]|2

=
M
∑

n=−M
|hd[n]−ht[n]|2 + ∑

|n|>M
|hd[n]|2


最佳估计

ht[n] = hd[n], ∀−M≤ n≤M

= DTFT{ht[n]}
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Windowed Impulse Response

以最小积分平方误差准侧的最佳估计为

ht[n] =
{

IDTFT{Hd(ejω )} −M≤ n≤M
0, otherwise

为了使系统为因果的，则需要延迟 M 点使得 h′t[n] = 0,∀n < 0

2013-11-20Dan Ellis 5

Least Integral-Squared Error
 Thus, minimum mean-squared error 

approximation in 2M+1 point FIR is 
truncated IDTFT:

 Make causal by delaying by M points
→ h′t[n] = 0 for n < 0

2M0 M–M M
n n

ht[n] h't[n]zero

ht[n] =

�
1
2�

� �
�� Hd(ej�)ej�nd� �M � n �M

0 otherwise
截断冲击响应
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FIR 实现低通滤波器

2013-11-20Dan Ellis

-20 -15 -10 -5 0 5 10 15
-0.05

0

0.05

0.1

0.15

0.2

n

h[n]

6

Approximating Ideal Filters
 From topic 6,

ideal lowpass 
has:

and: 

⇧−⌅ ⌅⇧c−⇧c

(doubly infinite)

HLP (ej�) =

�
1 |�| < �c

0 �c < |�| < �

hLP [n] =
sin�cn

�n
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FIR 实现低通滤波器

2013-11-20Dan Ellis 7

Approximating Ideal Filters
 Thus, minimum ISE causal 

approximation to an ideal lowpass

2M+1 points

Causal shift

0 5 10 15 20 25
-0.2

0

0.2

0.4

0.6

0.8

1

1.2

h L
P[
n]

n

ĥLP [n] =

�
sin �c(n�M)

�(n�M) 0 � n � 2M

0 otherwise
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Gibbs 现象

增大 FIR 滤波器的长度，并不能减少通带和阻带的波纹幅度，这种现象称为吉布斯现象
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Gibbs 现象产生的原因

截断 ⇔ 乘以窗函数

ht[n] = hd[n] ·wR[n], wR[n] =
{

1, −M≤ n≤M
0, otherwise

2013-11-20Dan Ellis
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-0.05

0

0.05

0.1

0.15

0.2

n

h[n]

9

Where Gibbs comes from
 Truncation of hd[n] to 2M+1 points is 

multiplication by a rectangular window:

 Multiplication in time domain is 
convolution in frequency domain:

wR[n]
ht[n] = hd[n] · wR[n]

wR[n] =

�
1 �M � n �M

0 otherwise

g[n] · h[n]� 1
2�

� �

��
G(ej�)H(ej(���))d�
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Gibbs 现象产生的原因

时域乘积 ⇔ 频域卷积

hd[n] ·wR[n]←→Hd(ejω )⊛WR(ejω )
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Gibbs 现象产生的原因

矩形窗函数的 DTFT 变换

wR[n] =
{

1, −M≤ n≤M
0, otherwise

⇒
WR(ejω ) =

M
∑

n=−M
e−jωn

=
sin(2M+1)ω

2
sin ω

2

−2 −1.5 −1 −0.5 0.5 1 1.5 2

5

10

主瓣：
±2π

2M+1 副瓣

ω/π

WR(ejω )
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Gibbs 现象产生的原因

矩形窗函数的 DTFT 变换

wR[n] =
{

1, −M≤ n≤M
0, otherwise

⇒
WR(ejω ) =

M
∑

n=−M
e−jωn

=
sin(2M+1)ω

2
sin ω

2

−2 −1.5 −1 −0.5 0.5 1 1.5 2

5

10 M = 6

M = 2

ω/π

WR(ejω )
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Dirichlet Kernel

Dirichlet Kernel:

DN(x) =
sin((N+0.5)x)

sin(0.5x) =
N
∑

n=−N
einx = 1+2

N
∑
n=1

cos(nx)

• 周期：周期为 2π

• 均值：
1

2π

∫ +π

−π
DN(x)dx = 1

• 第一零点：DN(x) = 0 at x =± π
N+0.5

• 峰值：DN(0) = 2N+1
• 主瓣积分（当 N 足够大的时候，与 N 无关）：∫ π

N+0.5

0
DN(x)dx =

1
N+0.5

∫ π

0

siny
sin y

2N+1
dy

≈ 1
N+0.5

∫ π

0

siny
y

2N+1
dy≈ 2π×0.58949
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Gibbs Phenomenon I

Ht(ω) =
1

2π
Hd⊛DM (DM = WR)

=
1

2π

∫ ωc

−ωc
Hd(τ)DM(ω− τ)dτ =

1
2π

∫ ωc

−ωc
DM(τ−ω)dτ

=
1

2π

∫ ω+ωc

ω−ωc
DM(x)dx

• When ω = ωc

Ht(ωc) =
1

2π

∫ 2ωc

0
DM(x)dx

≈ 1
2π

1
M+0.5

∫ (2M+1)ωc

0

siny
sin y

2N+1
dy

M→∞−→ 1
π

∫ ∞

0

siny
y dy = 0.5
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Gibbs Phenomenon II

• When ω = ωc−
π

M+0.5 （第一零点）

Ht(ωc−
π

M+0.5 ) =
1

2π

∫ 2ωc− π
M+0.5

− π
M+0.5

DM(x)dx

=
1

2π

(∫ 0

− π
M+0.5

DM(x)dx+
∫ 2ωc− π

M+0.5

0
DM(x)dx

)
≈ 1×0.58949+0.5 = 1+0.08949

• When ω → 0 （靠近中心）

lim
ω→0

Ht(ω) =
1

2π

∫ ωc

−ωc
DM(x)dx

=
1
π

(∫ ωc

0
DM(x)dx

)
≈ 1
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Gibbs 现象产生的原因

当 M = 6 时

当 M = 9 时
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Gibbs in Real Life

余磊 副教授 本科生课程，2018 秋 《数字信号处理》：数字滤波器设计
148 /
192



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

滤波器指标与窗函数的关系
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滤波器指标与窗函数的关系

主瓣宽度 ⇒ FIR 滤波器的过渡带带宽

∆ML =
4π

2M+1

增大滤波器长度，可以减小主瓣宽度，从而减小过渡带带宽
副瓣幅度 ⇒ FIR 滤波器的通带或者阻带振荡
关于滤波器长度，副瓣幅度几乎恒定不变，因此通带或阻带振荡不能通过增大滤波器长
度来抑制

采用不同的窗函数
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滤波器指标与窗函数的关系

主瓣宽度 ⇒ FIR 滤波器的过渡带带宽

∆ML =
4π

2M+1

增大滤波器长度，可以减小主瓣宽度，从而减小过渡带带宽
副瓣幅度 ⇒ FIR 滤波器的通带或者阻带振荡
关于滤波器长度，副瓣幅度几乎恒定不变，因此通带或阻带振荡不能通过增大滤波器长
度来抑制

采用不同的窗函数
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Windowed Impulse Response

ht[n] = hd[n] · wR[n]

其他窗函数
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Window Shapes for FIR Filters
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Window Shapes for FIR Filters
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Relationship between filter spec. and window shapes
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Properties of Windows

窗函数 ∆ML Asl αs ∆ω

矩形窗
4π

2M+1 13.3dB 29.9dB 0.92π/M

Hann 窗 8π
2M+1 31.5dB 43.9dB 3.11π/M

汉明窗
8π

2M+1 42.7dB 54.5dB 3.32π/M

Blackman 窗 12π
2M+1 58.1dB 75.3dB 5.56π/M

主瓣宽度 相对旁瓣电平 最小阻带衰减 过渡带带宽
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Steps to Design FIR Filter

固定窗函数 FIR 滤波器设计步骤：
1 确定中心频率

ωc ≈
ωp +ωs

2
2 根据最小阻带衰减 αs 确定窗函数类型

3 估计滤波器阶数

∆ω = |ωs−ωp| ≈
c
M
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Example

设计满足要求的 FIR 低通滤波器：通带边界频率 ωp = 0.3π，阻带边界频率 ωs = 0.5π，
最小阻带衰减 αs = 40dB
设计步骤：

1 确定中心频率 ωc ≈
ωp +ωs

2 = 0.4π

2 最小阻带衰减 αs=40dB ⇒ 查表可知能够采用 Hann 窗、汉明窗和布莱克曼窗
3 滤波器阶数

∆ω = |ωs−ωp|= 0.2π ≈ c
M

⇒M≥


15.55 Hann 窗
16.6 汉明窗

27.8 布莱克曼窗
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Example
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Adjustable Windows

固定窗函数

• 矩形窗、汉宁窗、汉明窗和布莱克曼窗
• FIR 滤波器波纹都是固定的
可调节窗函数: 可以通过调整某个参数来控制波纹大小

• 多尔夫-切比雪夫（Dolph-Chebyshev）窗
• Kaiser 窗
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Dolph-Chebyshev Window

长度为 2M+1 的 Dolph-Chebyshev 窗函数定义为

wD[n] =
1

2M+1

[
1
γ

+2
M
∑
k=1

T2M

(
β cos kπ

2M+1 cos 2nkπ
2M+1

)]
,−M≤ n≤M
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Chebywin - α
s
=30dB

Chebywin - α
s
=60dB

相对旁瓣振幅
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Dolph-Chebyshev Window

长度为 2M+1 的 Dolph-Chebyshev 窗函数定义为

wD[n] =
1

2M+1

[
1
γ

+2
M
∑
k=1

T2M

(
β cos kπ

2M+1 cos 2nkπ
2M+1

)]
,−M≤ n≤M
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相对旁瓣振幅

Cheby 窗旁瓣是等高的
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Dolph-Chebyshev v.s. Hamming
长度为 31 的切比雪夫窗与汉明窗：

• 汉明窗 - 主瓣宽度 ∆ML =
8π
31 ≈ 0.2581π

• 切比雪夫窗 - 主瓣宽度 ∆ML ≈ 0.24π
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Dolph-Chebyshev v.s. Hamming
长度为 31 的切比雪夫窗与汉明窗：

• 汉明窗 - 主瓣宽度 ∆ML =
8π
31 ≈ 0.2581π

• 切比雪夫窗 - 主瓣宽度 ∆ML ≈ 0.24π
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相同阶数下，Cheby 窗的主瓣宽度比汉明窗窄
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Properties of Dolph-Chebyshev Window

切比雪夫窗的性质：

• 所有旁瓣幅度一样
• 对于相同长度窗，相比其他窗函数，具有最窄主瓣宽度

余磊 副教授 本科生课程，2018 秋 《数字信号处理》：数字滤波器设计
162 /
192



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Kaiser Window

长度为 2M+1 的 Kaiser 窗定义为

wK[n] =
I0
(

β
√

1− (n/M)2
)

I0 ( β )
,−M≤ n≤M

可调参数 β 的经验取值

β =


0.11(αs−8.7), αs > 50dB
0.58(αs−21)0.4+0.08(αs−21), 21≤ αs ≤ 50
0, αs < 21

阶数估计

N =
αs−8
2.3∆ω

修正的零阶贝塞尔函数
可调参数
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Kaiser Window

窗函数与可调参数 β 之间的关系：
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• β 越大 ⇒ 主瓣宽度越大
• β 越大 ⇒ 相对旁瓣电平越小
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Example

设计满足要求的 FIR 低通滤波器：通带边界频率 ωp = 0.3π，阻带边界频率 ωs = 0.5π，
最小阻带衰减 αs = 40dB
设计步骤：

1 确定中心频率 ωc ≈
ωp +ωs

2 = 0.4π

2 最小阻带衰减 αs=40dB
3 滤波器阶数

N≥ αs−8
2.3∆ω

=
40−8

2.3× (0.5π−0.3π)
= 22.3⇒N = 23

4 计算可调参数
β = 0.58(αs−21)0.4+0.08(αs−21) = 3.4033
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Example
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表 1: 每种滤波器设计所需长度

Hann 窗 汉明窗 Blackman 窗 Kaiser 窗
阶数 32 35 57 23
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Smooth Transition

ht[n] = hd[n] ·wR[n]

具有平滑过渡区

hLP[n] = IDTFT{HLP(ejω}
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Smooth Transition

已知 HLP(ejω 的微分

G(ejω ) =
dHLP
dω

=


0, ωs ≤ |ω|π
∆ω, −ωs ≤ ω ≤−ωp
−∆ω, ωp ≤ ω ≤ ωs

IDTFT
GGGGGGGGGGGAg[n]

可得到

hLP[n] = jg[n]/n =

ωc/π, n = 0( sin(∆ωn/2)
∆ωn/2

)
· sin(ωcn)

πn , |n|> 0

如果用 P 阶样条函数来作为过渡函数

hLP[n] =


ωc/π, n = 0( sin(∆ωn/2P)

∆ωn/2P

)P
· sin(ωcn)

πn , |n|> 0
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Example

�����	���� �
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FIR 数字滤波器设计流程图

Input:
数字滤波器指标

Ideal Filter：
ωc = (ωs−ωp)/2

Window type selection from αs

Filter order estimation
Output:

设计 FIR 滤波器 Ht(z)

通（阻）带边界频率：
ωp,ωs

1

1
Copyright © 2010, S. K. Mitra

Digital Filter DesignDigital Filter Design

• Objective - Determination of a realizable 
transfer function G(z) approximating a 
given frequency response specification is an 
important step in the development of a 
digital filter

• If an IIR filter is desired, G(z) should be a 
stable real rational function

• Digital filter design is the process of 
deriving the transfer function G(z)

2
Copyright © 2010, S. K. Mitra

Digital Filter SpecificationsDigital Filter Specifications
• Usually, either the magnitude and/or the 

phase (delay) response is specified for the 
design of digital filter for most applications

• In some situations, the unit sample response
or the step response may be specified

• In most practical applications, the problem 
of interest is the development of a realizable 
approximation to a given magnitude 
response specification

3
Copyright © 2010, S. K. Mitra

Digital Filter SpecificationsDigital Filter Specifications
• We discuss in this course only the 

magnitude approximation problem
• There are four basic types of ideal filters 

with magnitude responses as shown below

 

1

   
0    c  – c

HLP(e j )

      
0    c  – c

1

HHP(e j )

  

   
   

11–

  – c1    c1  – c2    c2

HBP (e j )

      

1

  – c1    c1  – c2    c2

HBS(e j )

4
Copyright © 2010, S. K. Mitra

Digital Filter SpecificationsDigital Filter Specifications
• As the impulse response corresponding to 

each of these ideal filters is noncausal and 
of infinite length, these filters are not 
realizable

• In practice, the magnitude response 
specifications of a digital filter in the 
passband and in the stopband are given with 
some acceptable tolerances

• In addition, a transition band is specified 
between the passband and stopband

5
Copyright © 2010, S. K. Mitra

Digital Filter SpecificationsDigital Filter Specifications
• For example, the magnitude response          

of a digital lowpass filter with a real rational 
transfer function G(z) may be given as 
indicated below

)( ωjeG

0
0

1 + δp

1    δp

G(e jω) 

Transition
band

δs

ωs
ω

πωp

Passband Stopband

_

6
Copyright © 2010, S. K. Mitra

Digital Filter SpecificationsDigital Filter Specifications
• As indicated in the figure, in the passband, 

defined by                   , we require that         
with an error          , i.e.,

• In the stopband, defined by                 , we 
require that                    with an error      , 
i.e.,

1)( ≅ωjeG

0)( ≅ωjeG sδ

pδ±
pω≤ω≤0

π≤ω≤ωs

pp
j

p eG ω≤ωδ+≤≤δ− ω ,1)(1

π≤ω≤ωδ≤ω
ss

jeG ,)(
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Outline

1 介绍

2 数字滤波器分类：基于幅度响应
低通、高通、带通、带阻
有界实传输函数
全通滤波器

3 数字滤波器分类：基于相位响应
零相位
线性相位
最大/小相位

4 数字滤波器分类：其他

5 数字滤波器设计方法
IIR 数字滤波器
双线性变换
谱变换

FIR 数字滤波器
加窗冲激响应
窗函数形状

计算机辅助滤波器设计
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Computer Aided Design

• IIR 滤波器的计算机辅助设计
• FIR 滤波器的计算机辅助设计

余磊 副教授 本科生课程，2018 秋 《数字信号处理》：数字滤波器设计
172 /
192



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

IIR Filter Design via Optimization

IIR 传输函数为
H(z) = C 1+p1z−1 + ...+pMz−M

1+d1z−1 + ...+dNz−N

那么设计 IIR 滤波器就是要估计这些系数

x≜ {p1, ...,pM,d1, ...,dN,C}T

Objective
H(x,ω)≜H(ejω )→D(ejω )
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Basic Idea

加权误差函数：
E(x,ω) = W(ω) · [H(x,ω)−D(ejω )]

Optimization Problem

x∗ = argmin
x

ε(x)≜
K
∑
i=1
|E(ωi)|

p

对应不同的 p 的取值：
• p = ∞，则为切比雪夫准则或者极小化最大准则
• p = 2，则为最小平方准则
• p 为其他值，则为最小 p 准则
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Error Criteria

2013-11-20Dan Ellis 20

Error Criteria

� 

 = W ( )  D e j( ) H e j( )[ ]R
p
d

error
measurement

region error
weighting

desired
response

actual
response

exponent:
2 → least sq
∞ → minimax

= W(⇧)·[D(ej⇧) – H(ej⇧)]

1 2 3 4

H(ej )

W( )

R

D(ej )

( )
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Matlab example

Matlab 中的函数iirlpnorm来设计 IIR 滤波器

1 [b,a] = . . . % 输出 IIR滤波器的传输函数的系数
2 iirlpnorm( . . . % 最优化方法设计 IIR滤波器
3 5, . . . % 分子多项式的阶数 M
4 12, . . .% 分母多项式的阶数 N
5 [0 .15 .4 .5 1] , . . . % 具有约束的5个频点
6 [0 .4 .5 1] , . . . % 边界频率（包含了0和1）
7 [1 1.6 1 0 0] , . . . % 对应5个频率点的约束 - $D(e^{j\omega})$
8 [1 1 1 10 10]); % 对应5个频率点的权值系数 - $W(\omega)$
9 ^^I

0 0.2 0.4 0.6 0.8 10
0.5

1
1.5

2

ω/π

D
(e

jω
)
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Matlab example

Normalized Freq. /π
0 0.2 0.4 0.6 0.8 1

|D
(e

jω
)|

0

0.5

1

1.5
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Computer Aided Design

• IIR 滤波器的计算机辅助设计
• FIR 滤波器的计算机辅助设计

余磊 副教授 本科生课程，2018 秋 《数字信号处理》：数字滤波器设计
178 /
192



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

FIR Filter Design via Optimization

N 阶 FIR 滤波器传输函数为

H(z) =
N
∑
n=0

h[n]z−n

那么设计 FIR 滤波器 → 估计 N+1 个系数

x≜ {h[0],h[1], ...,h[N]}

Objective
H(x,ω)≜H(ejω )→D(ejω )
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Iterative FIR Filter Design

2013-11-20Dan Ellis 19

3. Iterative FIR Filter Design
 Can derive filter coefficients by 

iterative optimization:

 Gradient descent / nonlinear optimiz’n

Filter coefs
h[n]

Goodness of fit
criterion
→ error ⌃

Estimate 
derivatives
∂⌃/∂h[n]

Update filter
to reduce ⌃

Desired
response

H(ej⇧)
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Linear Phase FIR via Parks-MaClellan Method

线性相位 FIR 滤波器的一般形式

H(ejω ) = e−jNω/2ejβ H̃(ω)

其中，H̃(ω) 为实数，且具有与 H(ejω ) 相同的幅度响应。
期望的振幅响应为

D(ejω ) =

{
1, 在通带中

0, 在阻带中

权重函数

W(ω) =

{
1, 在通带中

δp/δs, 在阻带中
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Linear Phase FIR via Parks-MaClellan Method

切比雪夫准则或者极小化最大准则FIR 滤波器设计

Optimization Problem

x∗ = argmin
x

{
ε(x)≜ max

ω∈[0,π]
|E(x,ω)|

}
加权误差函数：

E(x,ω) = W(ω) · [H(x,ω)−D(ejω )]

= W(ω) · [H̃(x,ω)−D(ejω )]

那么 E(x,ω) 的极值点 ω∗ 满足

∂E(x,ω)

∂ω
= 0

W 和 D 为分段常值函数
GGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGA

∂E(x,ω)

∂ω
=

∂ H̃(x,ω)

∂ω
= 0
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Type 1 Linear Phase FIR

对已第一类线性相位 FIR 系统，N 为偶数，滤波器长度为 N+1-奇数

h[n] = h[−n]

2013-11-20Dan Ellis 21

Minimax FIR Filters
 Iterative design of FIR filters with:

 equiripple (minimax criterion)
 linear-phase 
→ symmetric IR h[n] = (–)h[-n]

 Recall: Symmetric FIR filters have FR
       with pure-real 

 
 i.e. combo of cosines of multiples of ⇥

� 

H e j( ) = e jM ˜ H ( )

� 

˜ H ( ) = a k[ ]cos k( )k=0

M a[0] = h[M]
a[k] = 2h[M - k]

nM

(type I
order 2M)

H̃

那么

H̃(x,ω) =
N/2

∑
k=0

a[k]cos(kω)

其中 a[k] = 2h[N/2−k],a[0] = h[N/2].
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Chebyshev Polynomials

H̃(x,ω) =
N/2

∑
k=0

a[k] cos(kω) =
N/2

∑
k=0

α[k] cosk(ω)

利用关系：
cos(kω) = Tk(cos(ω))

切比雪夫多项式（迭代递推公式）：

Tk(x) = cos(kcos−1 x) = 2xTk−1(x)−Tk−2(x)

其中 T0(x) = 1,T1(x) = x

cos(0ω) = T0(cosω) = 1
cos(1ω) = T1(cosω) = cosω

cos(2ω) = T2(cosω) = 2cos2 ω−1
cos(3ω) = Tk(cosω) = 4cos3 ω−3cosω

. . .
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Linear Phase FIR via Parks-MaClellan Method

H̃(x,ω) =
N/2

∑
k=0

α[k] cosk(ω)

M≜N/2 阶多项式最多只有 M−1 个极值：

2013-11-20Dan Ellis 23

Minimax FIR Filters

 An Mth order polynomial has at most 
M - 1 maxima and minima:

       has at most M-1 min/max (ripples)

� 

˜ H ( ) =  k[ ] cos( )k
k=0

M Mth order 
polynomial in cos⇧

� 

 ˜ H ( )

5th order
polynomial

in cos⇧

1

2

3

4

-1 -0.5 0 0.5 1

-0.2

-0.1

0

0.1

0.2

0 0.2 0.4 0.6 0.8

-0.2

-0.1

0

0.1

0.2

cos

cos
1

2

3

4

M�

k=0

�[k](cos �)k H̃(�)

因此 H̃(x,ω) 最多有 M−1 个极值 ⇒ 波纹
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Alternation Theorem

交错定理：

H̃(x,ω) 为所求振幅响应 D(ejω ) 的唯一最佳近似，当且仅当

• ε(x,ω) 至少存在 M+2 个极值点 ω0 < ω1 < ... < ωM < ωM+1
• 误差函数 ε 在极值点处振幅相等

|ε(x,ωi)|= ε ∀i

• 误差函数峰值的符号是交错的

ε(x,ωi) =−ε(x,ωi+1)
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Alternation Theorem

2013-11-20Dan Ellis 25

Alternation Theorem
 Hence, for a frequency response:

 If ⇤(⇥) reaches a peak 
error magnitude ⇤ at 
some set of extremal 
frequences ⇥i

 And the sign of the peak 
error alternates

 And we have at least 
M+2 of them

 Then optimal minimax
(10th order filter, M = 5)

0 p c

2 3

0

0.2

0.4

0.6

0.8

1

10 4 5 6

-

0

D(ej ) desired frq.resp.

H(ej ) response mag.

( )
error

W( )
scaled error

bound

band-edge extrema

local min/max extrema
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Alternation Theorem

交错定理需要至少有 M+2 个符号交替变化的极值点，但是 H̃(x,ω) 最多只有 M−1 个
极值点

2013-11-20Dan Ellis 25

Alternation Theorem
 Hence, for a frequency response:

 If ⇤(⇥) reaches a peak 
error magnitude ⇤ at 
some set of extremal 
frequences ⇥i

 And the sign of the peak 
error alternates

 And we have at least 
M+2 of them

 Then optimal minimax
(10th order filter, M = 5)

0 p c

2 3

0

0.2

0.4

0.6

0.8

1

10 4 5 6

-

0

D(ej ) desired frq.resp.

H(ej ) response mag.

( )
error

W( )
scaled error

bound

band-edge extrema

local min/max extrema

• 通带（阻带）边界频率点可能可以提供 4 个极值点 ⇒ 误差函数 ε(x,ω) 可能至多
具有 M+3 个极值点
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交错定理
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Alternation Theorem
 For M = 5 (10th order):

 8 extrema (M+3, 
4 band edges) 
- great!

 7 extrema (M+2, 
3 band edges)
 - OK!

 6 extrema (M+1, 
only 2 transition 
band edges)
→ NOT OPTIMAL

0 0.2 0.4 0.6 0.8

H1
~

H2
~

H3
~

0

0.5

1

0 0.2 0.4 0.6 0.8
0

0.5

1

0 0.2 0.4 0.6 0.8
0

0.5

1

余磊 副教授 本科生课程，2018 秋 《数字信号处理》：数字滤波器设计
189 /
192



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Parks-McClellan Algorithm
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Parks-McClellan Algorithm
 To recap:

 FIR CAD constraints
    D(ej⇥), W(⇥) → ⇤(⇥)

 Zero-phase FIR
    H(⇥) = �k�kcosk⇥ → M-1 min/max

 Alternation theorem
    optimal → ≥ M+2 pk errs, alter’ng sign

 Hence, can spot ‘best’ filter when we 
see it – but how to find it?

~
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Parks-McClellan Algorithm

5

25
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RemezRemez Exchange AlgorithmExchange Algorithm

• Step 4: One of the L+2 extremal frequencies 
selected in Step 1 is discarded and the 
polynomial A(ω) is determined by 
interpolating the values of A(ω) at the 
remaining L+1 extremal frequencies using 
the Lagrange interpolation formula

26
Copyright © 2010, S. K. Mitra

RemezRemez Exchange AlgorithmExchange Algorithm

• For example, if           is discarded, then 
A(ω) is given by

where

1+ωL

∑ ωω=ω
=

L

i
ii PAA

0
)(cos)()(

∏ ⎟
⎠

⎞
⎜
⎝

⎛
ω−ω
ω−ω=ω

≠
=

L

i
, i

iP

l
l l

l

0 coscos
coscos)(cos

27
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RemezRemez Exchange AlgorithmExchange Algorithm
• Step 5: The new error function

is computed at a dense set S (        ) of 
frequencies.  In practice S = 16L is adequate. 
Determine the L+2 new extremal frequencies 
from the values of           evaluated at the 
dense set of frequencies.

• Step 6: If the peak values     of           are 
equal in magnitude, algorithm has converged. 
Otherwise, go back to Step 2.

)](~)()[(~)( ω−ωω=ω DAWE

)(ωE

)(ωE

ε

LS ≥

28
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RemezRemez Exchange AlgorithmExchange Algorithm
• Illustration of algorithm

Iteration process is            
stopped if the  
difference between 
the values of the 
peak absolute errors 
between two 
consecutive stages is 
less than a preset 
value, e.g., 610−

29
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RemezRemez Exchange AlgorithmExchange Algorithm
• Example - Approximate the desired 

function                               defined for the 
range                 by a linear function                      
by minimizing the peak value of the 
absolute error

Step 1: 
As there are 3 unkowns,     ,     , and ε, we 
need 3 extremal points on x chosen 
arbirarily as 

1.01.1)( 2 −= xxD
20 ≤≤ x 01 axa +

xaax
x

10
2

]2,0[
1.01.1max −−−

∈

5.1,5.0,0 321 === xxx

0a 1a

30
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RemezRemez Exchange AlgorithmExchange Algorithm
• Thus,

• Next we compute

resulting in                   ,               and

10)0()( 1 .DxD −==
1750)50()( 2 ..DxD ==
3752)51()( 3 ..DxD ==

∏
−

=

≠
=

3

1

1

ni
i in

n xx
c , 31 ≤≤ i

33311 .c = 22 −=c
666703 .c =

Remez 交换算法 - 确定极值频率的位置 → FIR 滤波
器的冲击响应 h[n]

1 估计（初始化）M+2 个极值点 {ωi}
2 求解 α[n],ε → 冲击响应 h[n]
3 计算 ε(x,ω) 的极值位置 → 更新 {ωi}
4 返回步骤 2，迭代直至 |ε(x,ωi)| 为常数
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Matlab example

Matlab 中的函数firpm来设计 FIR 滤波器
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