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Digital Signal Processing
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DFT 变换

离散傅里叶变换 (DFT)

X[k] =
N−1
∑
n=0

x[n]Wkn
N
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DFT 变换的矩阵形式

F Rewrite DFT X[k] =
N−1
∑
n=0

x[n]Wkn
N as a matrix multiply:


X[0]
X[1]
X[2]

...
X[N−1]


︸ ︷︷ ︸

X

=



1 1 1 . . . 1
1 W1

N W2
N . . . W(N−1)

N
1 W2

N W4
N . . . W2(N−1)

N
...

...
...

. . .
...

1 W(N−1)
N W2(N−1)

N . . . W(N−1)2
N


︸ ︷︷ ︸

DN


x[0]
x[1]
x[2]

...
x[N−1]


︸ ︷︷ ︸

x

X = DN ·x
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DFT 计算复杂度分析

X[k] =
N−1
∑
n=0

x[n]Wkn
N

F x[n]Wkn
N ⇒ 一次复数乘法

N 点 DFT
GGGGGGGGGGGGGGGA N 次复数乘法

F
N−1
∑
n=0

⇒ N-1 次复数加法

2013-11-27Dan Ellis 4

Computational Complexity

 N complex multiplies 
 + N-1 complex adds per point (k)
  × N points (k = 0.. N-1) 
 cpx mult: (a+jb)(c+jd) = ac - bd + j(ad + bc)

= 4 real mults + 2 real adds
 cpx add = 2 real adds

 N points: 4N2 real mults, 4N2-2N real adds

� 

X[k] = x[n]WN
kn

n=0

N1



计算 X[k] 的复杂度为：4N 次实数乘法 +4N−2 次实数加法
⇒ N 点 DFT（k = 1...,N）需要4N2 次实数乘法 +(4N2 −2N) 次实数加法
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History of FFT

• 1807 年，傅里叶发明了傅里叶变换

• 1958 年，戈泽尔发明了戈泽尔算法（速度提升 ≈2 倍）
• 1965 年，Cooley 和 Tukey『发明』了快速傅里叶变换

O(N2)→ O(N logN)

• 1805 年，Gauss(高斯，28 岁) 在计算小行星的轨道时使用了该算法
• 1942 年，Danielson 和 Lanczos 也描述了同样的算法，但是那个时候没有被人们
重视
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Goertzel 算法

X[k] =
N−1
∑
l=0

x[l]Wkl
N

= WkN
N

N−1
∑
l=0

x[l]W−k(N−l)
N

WkN
N =1

======
N−1
∑
l=0

x[l]W−k(N−l)
N

Wk
N 的周期性。

具有卷积形式
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Goertzel 算法

用系统的概念计算 DFT

yk[n] =
n−1
∑
l=0

x[l]W−k(n−l)
N

xk[n] 为有限长因果序列

xe[n] =
{

x[n], 0 ≤ n < N
0, n = N

hk[n] 为因果序列

hk[n] =
{

W−kn
N , n ≥ 0

0, n < 0

yk[n] = xe[n]⊛hk[n]⇔ Yk(z) =
Xe(z)

1−W−k
N z−1

2013-11-27Dan Ellis 5

Goertzel’s Algorithm
 Now:

 i.e.
where 

  

� 

X k[ ] = x [ ]WN
k

=0

N1


=WN

kN x [ ]
 WN

k N( )

looks like a
convolution

� 

X k[ ] = yk N[ ]
yk n[ ] = xe n[ ] hk[n]

xe[n] = {x[n]  0 ≤ n < N
0     n = N

hk[n] = {WN
-kn  n ≥ 0

0     n < 0
+

z-1WN
-k

xe[n]
xe[N] = 0

yk[n]
yk[-1] = 0
yk[N] = X[k]

4N 次实数加法
+ 4N 次实数乘法
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Goertzel 算法

F 戈泽尔算法
• 复杂度与直接矩阵运算复杂度一样 O(N2)
（复杂度略高一些（4N2 次乘法 +4N2 次加法），多 2N 次实数加法）

• 不需要事先存储变换矩阵 DN，降低了存储空间

F 改进的戈泽尔算法

H(z) = 1
1−W−k

N z−1 =
1−Wk

Nz−1

1−2cos 2πk
N z−1 + z−2

vk[n] = xe[n]+2cos 2πk
N vk[n−1]−vk[n−2]

X[k] = yk[N] = vk[N]−Wk
Nvk[N−1]

• 复杂度为 (2N2 +4N) 次实数乘法 + (4N2 +4N) 次实数加法
乘法次数大约为直接矩阵运算的一半，加法次数相当

• 进一步化简戈泽尔算法 → (N2 +4N) 次实乘 + (2N2 +4N) 次实加

(2 次实数乘法
+4 次实数加法) ×N

4 次实数乘法
+4 次实数加法
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改进的戈泽尔算法

2

Copyright © 2010, S. K. Mitra7

GoertzelGoertzel’’ss AlgorithmAlgorithm
• Recall, direct computation of all N samples of 

{X[k]} requires complex multiplications 
and                complex additions

• Equivalently, direct computation of all N
samples of {X[k]} requires real 
multiplications and                   real additions

• Thus, Goertzel’s algorithm requires 2N more 
real additions than the direct DFT 
computation

2N
)1( −NN

)24( −NN

24N

Copyright © 2010, S. K. Mitra8

GoertzelGoertzel’’ss AlgorithmAlgorithm
• Algorithm can be made computationally 

more efficient by observing that             can 
be rewritten as

resulting in a second-order realization

)1)(1(
1

1
1)( 11

1

1 −−−

−

−− −−
−=

−
=

zWzW
zW

zW
zH k

N
k

N

k
N

k
N

k

21

1

)/2cos(21
1

−−

−

+−
−

=
zzNk

zW k
N

π

)(zHk

Copyright © 2010, S. K. Mitra9

GoertzelGoertzel’’ss AlgorithmAlgorithm

• DFT computation equations are now
]1[)/2cos(2][][ −π+= nvNknxnv kek

Nnnvk ≤≤−− 0],2[
]1[][][][ −−== NvWNvNykX k

k
Nkk

z 1
_

x  [n]e
x  [N] = 0e

y  [n]k

_ WN
k

z 1
_

v  [n]k

k
_

k
_v  [  1] = v  [  2] = 0

2 cos(   )2πk
N

__

1_

Copyright © 2010, S. K. Mitra10

GoertzelGoertzel’’ss AlgorithmAlgorithm
• Computation of each sample of

involves only 2 real multiplications and 4
real additions

• Complex multiplication by           needs to 
be performed only once at n = N

• Thus, computation of one sample of X[k]
requires                 real multiplications and      

real additions
• Computation of all N DFT samples requires        

real multiplications and                  
real additions

k
NW

)42( +N
)44( +N

)1(4 +NN
)2(2 +NN

][nvk

Copyright © 2010, S. K. Mitra11

GoertzelGoertzel’’ss AlgorithmAlgorithm
• In the realization of               , the multiplier 

in the feedback path is

which is same as that in the realization of
i.e., the intermediate 

variables computed to determine X[k] can 
again be used to determine

• Only difference between the two structures 
is the feed-forward multiplier which is now 

that is the complex conjugate of

)(zH kN−

)(zHk
)/2cos(2)/)(2cos(2 NkNkN ππ =−

],[][ nvnv kkN =−

][ kNX −

,kNW
− k

NW

Copyright © 2010, S. K. Mitra12

GoertzelGoertzel’’ss AlgorithmAlgorithm
• Thus, computation of X[k] and              

require 2(N+4) real multiplications and 
4(N+2) real additions

• Computation of all N DFT samples require 
approximately       real multiplications and 
approximately         real additions

• Number of real multiplications is about one-
fourth and number of real additions is about 
one-half of those needed in direct DFT 
computation

][ kNX −

2N
22N
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1 FFT 变换的历史

2 戈泽尔算法

3 时间抽取 FFT
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5 FFT 计算 IDFT

6 FFT 的应用
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FFT

基本思想： 化整为零、化零为整
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FFT

分散、集中和变换，是游击战争灵活使用兵力的三个方法。
一般地说来，游击队当分散使用，即所谓“化整为零”时，大体上是依下述

几种情况实施的……。但不论何种情况，当分散行动时都须注意：（一）保持较
大一部分兵力于适当的机动地区，不要绝对地平均分散，一则便于应付可能的
事变，一则使分散执行的任务有一个重心；（二）给各分散部队以明确的任务、
行动的地区、行动的时期、集合的地点、联络的方法等。
集中使用兵力，即所谓“化零为整”的办法，多半是在敌人进攻之时为了消

灭敌人而采取的……。
——《抗日游击战争的战略问题》，毛泽东 (1938.5)。

余磊 副教授 本科生课程，2018 秋 《数字信号处理》 14 / 41



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

FFT

基本思想： 化整为零、化零为整

余磊 副教授 本科生课程，2018 秋 《数字信号处理》 15 / 41



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

时间抽取 (DIT) FFT

F 分解：

X[k] = DFTN{x[n]}=
N−1
∑
n=0

x[n]Wnk
N , k = 0,1, ...,N−1

=
N/2−1

∑
m=0

(
x[2m]W2mk

N +x[2m+1]W(2m+1)k
N

)

=
N/2−1

∑
m=0

x[2m]︸ ︷︷ ︸
x0[n]

Wmk
N/2 + Wk

N

N/2−1

∑
m=0

x[2m+1]︸ ︷︷ ︸
x1[n]

Wmk
N/2

= X0[⟨k⟩N/2] + Wk
N X1[⟨k⟩N/2] , k = 0,1, ...,N−1

F DFT 变换的周期性：

Wn(k+N/2)
N/2 = Wnk

N/2 =⇒

{
X0[k] = X0[k+N/2]
X1[k] = X1[k+N/2]
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F DFT 变换的周期性：
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X1[k] = X1[k+N/2]
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• Consider a sequence x[n] of length
• Using a 2-band polyphase decomposition 

we can express its z-transform as

where
)()()( 2

1
12

0 zXzzXzX −+=

∑=∑=
−

=

−−

=

− 1)2/(

0

1)2/(

0
00 ]2[][)(

N

n

nN

n

n znxznxzX

∑ +=∑=
−

=

−−

=

− 1)2/(

0

1)2/(

0
11 ]12[][)(

N

n

nN

n

n znxznxzX

μ= 2N
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• Evaluating on the unit circle at N equally 
spaced points                                         we 
arrive at the N-point DFT of x[n]:

where            and           are the (N/2)-point 
DFTs of the (N/2)-length sequences        
and

,10, −≤≤= − NkWz k
N

],[][][ 2/12/0 N
k
NN kXWkXkX 〉〈+〉〈=

10 −≤≤ Nk
][0 kX ][1 kX

][1 nx
][0 nx
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• i.e.,

10,]2[
1)2/(

0
22/ −≤≤= ∑

−

=

N

r

Nrk
N kWrx

∑
−

=
=

1)2/(

0
2/00 ][][

N

r

rk
NWrxkX

∑
−

=
=

1)2/(

0
2/11 ][][

N

r

rk
NWrxkX

10,]12[
1)2/(

0
22/ −≤≤+= ∑

−

=

N

r

Nrk
N kWrx

Copyright © 2010, S. K. Mitra16

DecimationDecimation--inin--Time FFT Time FFT 
AlgorithmAlgorithm

• Note:          is the    -length sequence formed 
from the even-indexed samples of x[n] and   

is the    -length sequence formed from 
the odd-indexed samples of x[n] 

• Generation of          and          is shown below

2
N

2
N

][0 nx

2x[n] x  [n] = x[2n]0

x[n]
x[n+1]

2z x  [n] = x[2n+1]1

][0 nx

][1 nx

][1 nx
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• Block-diagram interpretation of the DFT 
computation is shown below

k
NW

2

2

z
point2 −

N

DFT

point2 −
N

DFT
+][nx ][kX

][0 nx

][1 nx ][ 2/1 NkX 〉〈

][ 2/0 NkX 〉〈

k
NW
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• Flow-graph representation
X0[0]

X0[1]

X0[2]

X0[3]

X1[0]

X1[1]

X1[2]

X1[3]

x[0]

x[2]

x[4]

x[6]

x[1]

x[3]

x[5]

x[7]

N

DFT
2

X[7]

X[6]

X[5]

X[4]

X[3]

X[2]

X[1]

X[0]

N

DFT
2

W0
N

W1
N

W2
N

W 3
N

W 4
N

W 5
N

W 6
N

W 7
N

point-

point-
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时间抽取 (DIT) FFT

F 化整为零：N 点 DFT 变换可以分解成两个 N
2 点的 DFT 变换

X[k] = DFTN{x[n]}= G[⟨k⟩N/2] + Wk
N H[⟨k⟩N/2] , k = 0,1, ...,N−1

• 分解前后复杂度分析：DFTN{x[n]} ∼ O(N2)

⇒ DFT N
2
{x0[n]} ∼ O((N/2)2) =

1
4 O(N2)

F 化整为零后计算复杂度：
• 两个 N/2 点 DFT ≈ N2/2 次复数相乘和 N2/2 次复数相加
• 两个 N/2 点 DFT 叠加（k = 0, ...,N−1）≈ N 次复乘和 N 次复加
• 总计：N2/2+N 次复数相乘和 N2/2+N 次复数相加

DFT N
2
{x0[n]} + Wk

N DFT N
2
{x1[n]} ∼ 2 · 1

4 O(N2) =
1
2 O(N2)
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时间抽取 (DIT) FFT

F 化整为零：N 点 DFT 变换可以分解成两个 N
2 点的 DFT 变换

X[k] = DFTN{x[n]}= G[⟨k⟩N/2] + Wk
N H[⟨k⟩N/2] , k = 0,1, ...,N−1

• 分解前后复杂度分析：DFTN{x[n]} ∼ O(N2)

⇒ DFT N
2
{x0[n]} ∼ O((N/2)2) =

1
4 O(N2)

F 化整为零后计算复杂度：
• 两个 N/2 点 DFT ≈ N2/2 次复数相乘和 N2/2 次复数相加
• 两个 N/2 点 DFT 叠加（k = 0, ...,N−1）≈ N 次复乘和 N 次复加
• 总计：N2/2+N 次复数相乘和 N2/2+N 次复数相加

DFT N
2
{x0[n]} + Wk

N DFT N
2
{x1[n]} ∼ 2 · 1

4 O(N2) =
1
2 O(N2)
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Two-Stage DIT Stages

F 继续化整为零：
DFTN → DFTN/2 → DFTN/4

• N → N/2:
X[k] = X0

[
⟨k⟩N/2

]
+Wk

NX1
[
⟨k⟩N/2

]
• N/2 → N/4:

X0
[
⟨k⟩N/2

]
= X00

[
⟨k⟩N/4

]
+Wk

N/2X01
[
⟨k⟩N/4

]
X1
[
⟨k⟩N/2

]
= X10

[
⟨k⟩N/4

]
+Wk

N/2X11
[
⟨k⟩N/4

]
F 复杂度分析：

• N2/4+2N 次复数相乘和 N2/4+2N 次复数相加
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Two-Stage DIT Flowgraph
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X0[0]
X00
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X10

X11

X0[1]
X0[2]
X0[3]

X1[0]
X1[1]
X1[2]
X1[3]

DFTN
4

DFTN
4

DFTN
4

DFTN
4

WN
0

WN
1
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2
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4

WN
5
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6
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7WN/2

3

WN/2
0
WN/2
3
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0
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Multi-Stage DIT FFT

F 继续化整为零：

DFTN → DFTN/2 → DFTN/4 · · · → DFT2

• 两点 DFT 变换

X[k] = DFT2{x[n]}=
1
∑
n=0

x[n]Wk
2 ⇒

{
X[0] = x[0]+x[1]
X[1] = x[0]−x[1]

F 复杂度分析：(N≜ 2M)
• N2/2M +(M−1)N = MN 次复乘和 N2/2M +(M−1)N = MN 次复加
• 复杂度： O(N · log2 N)
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Multi-Stage DIT FFT Flowgraph
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• Corresponding flow-graph of the 2-point 
DFT is shown below obtained using the 
identity kN

N
k WW )2/(

2 =

x[4] X00[1]

X00[0]x[0]

W 1
2 W N/2

N= =   1

W 0
2 W 0

N= = 1

_
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• Complete flow-graph of the 8-point DFT is 
shown below

x[0]

x[4]

x[2]

x[6]

x[1]

x[5]

x[3]

x[7] X[7]

X[6]
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X[3]

X[2]

X[1]

X[0]
W 0

N

W 0
N

W 0
N
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N
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W 4
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W 4
N

W 4
N W 6

N

W 4
N
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N
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W 6
N
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N
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N W 0

N
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N
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N

W 3
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W 4
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• The flow-graph consists of 3 stages
• First stage computes the four 2-point DFTs
• Second stage computes the two 4-point DFTs
• Last stage computes the desired 8-point DFT
• The number of complex multiplications and 

additions at each stage is equal to 8, the size 
of the DFT

Copyright © 2010, S. K. Mitra28
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• Total number of complex multiplications 
and additions to compute all 8 DFT samples 
is equal to 8 + 8 + 8 = 24 = 

• In the general case when             , number of 
stages for the computation of the (     )-point 
DFT in the fast algorithm will be

• Total number of complex multiplications 
and additions to compute all N DFT 
samples is )(log2 NN

μ2

μ2=N

N2log=μ

38×

Copyright © 2010, S. K. Mitra29
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• In developing the count, multiplications 
with              and                      have been 
assumed to be complex

• Also the symmetry property of

has not been taken advantage of
• These properties can be exploited to reduce 

the computational complexity further

10 =NW 12/ −=N
NW

k
N

kN
N WW −=+)2/(
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• Examination of the flow-graph

reveals that each stage of the DFT 
computation process employs the same 
basic computational module
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FFT Implementation Details

F 蝶形结构：两次复数乘法

2013-11-27Dan Ellis 14

� 

WN
r+N

2 = e
 j
2 r+N

2( )
N

= e
 j2r

N  e
 j2N /2

N

= WN
r

FFT Implementation Details
 Basic butterfly (at any stage):

 Can simplify:

WN
r

WN
r+N/2

XX[r]

XX[r+N/2]

XX0[r]

XX1[r]

•••
•••

2 cpx mults

XX[r]

XX[r+N/2]

XX0[r]

XX1[r]
WN

r -1

just one cpx mult!

i.e. SUB rather than ADD

F DFT 变换的对称性：
Wr+N/2

N = Wr
NWN/2

N =−Wr
N

F 简化的蝶形结构：一次复数乘法

2013-11-27Dan Ellis 14

� 

WN
r+N

2 = e
 j
2 r+N

2( )
N

= e
 j2r

N  e
 j2N /2

N

= WN
r

FFT Implementation Details
 Basic butterfly (at any stage):

 Can simplify:

WN
r

WN
r+N/2

XX[r]

XX[r+N/2]

XX0[r]

XX1[r]

•••
•••

2 cpx mults

XX[r]

XX[r+N/2]

XX0[r]

XX1[r]
WN

r -1

just one cpx mult!

i.e. SUB rather than ADD
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8-pt DIT FFT Flowgraph
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8-pt DIT FFT Flowgraph

 -1’s absorbed into summation nodes
 WN

0 disappears
 ‘in-place’ algorithm: sequential stages
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Reduce Complexity of DFT

复杂度 O(N2) −→ 复杂度 O(N logN)
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Radix-R FFT

F 如果 N = 2M

7
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• In the DFT computation scheme outlined, 
the DFT samples X[k] appear at the output 
in a sequential order while the input 
samples x[n] appear in a  different order

X[0]x[0]

X[1]x[4]

X[2]x[2]

X[3]x[6]

X[4]x[1]

X[5]x[5]

X[6]x[3]

X[7]x[7]

W 0
N

W 0
N

W 0
N

W 0
N W 2

N

W 0
N

W 2
N

W 0
N

W 1
N

W 2
N

W 3
N

W 0
N

 1_

 1_

 1_

 1_

 1_

 1_

 1_

 1_

 1_

 1_

 1_

 1_
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• Thus, a sequentially ordered input x[n] must 
be reordered appropriately before the fast 
algorithm described by this structure can be 
implemented

• To understand the input reordering scheme 
represent the arguments of input samples 
x[n] and their sequentially ordered new 
representations             in binary forms][1 mΨ

Copyright © 2010, S. K. Mitra39
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• The relations between the arguments m and 
n are as follows:

• Thus, if (         ) represents the index n of 
x[n], then the sample                 appears at 
the location                   as                   before 
the DFT computation is started

• i.e., location of            is in bit-reversed
order from that of x[n]

111011101001110010100000:
111110101100011010001000:

n
m

012 bbb
][ 012 bbbx

210 bbbm = ][ 2101 bbbΨ

][1 mΨ
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• Alternative forms of the fast DFT 
algorithms can be obtained by reordering 
the computations such as input in normal 
order and output in bit-reversed order, and 
both input and output in normal order

• The fast algorithm described assumes that 
the length of x[n] is a power of 2

• If it is not, the length can be extended by 
zero-padding and make the length a power 
of 2

Copyright © 2010, S. K. Mitra41
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• Even after zero-padding, the DFT 
computation based on the fast algorithm 
may be computationally more efficient than 
a direct DFT computation of the original 
shorter sequence

• The fast DFT computation schemes 
described are called decimation-in-time
(DIT) fast Fourier transform (FFT) 
algorithms as input x[n] is first decimated to 
form a set of subsequences before the DFT 
is computed

Copyright © 2010, S. K. Mitra42
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• For example, the relation between x[n] and 
its even and odd parts,           and          , 
generated by the first stage of the DIT 
algorithm is given by

]7[]5[]3[]1[:][
]6[]4[]2[]0[:][

]7[]6[]5[]4[]3[]2[]1[]0[:][

1

0
xxxxnx
xxxxnx

xxxxxxxxnx

][0 nx ][1 nx

F 如果 N = 4M

8
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• Likewise, the relation between x[n] and the 
sequences           ,           ,          , and          , 
generated by the two-stage decomposition 
of the DIT algorithm is given by

][00 nx ][01 nx ][11 nx][10 nx

]7[]3[:][
]5[]1[:][
]6[]2[:][
]4[]0[:][

]7[]6[]5[]4[]3[]2[]1[]0[:][

11

10

01

00

xxnx
xxnx
xxnx
xxnx

xxxxxxxxnx
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• The subsequences           ,           ,          , and         
can be generated directly by a factor-

of-4 decimation process leading to a single-
stage decomposition as shown on the next 
slide

][00 nx ][01 nx ][10 nx
][11 nx
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+ ][kX

][ 4/01 NkX 〉〈

][ 4/00 NkX 〉〈

k
NW 2/

+

][ 4/11 NkX 〉〈

][ 4/10 NkX 〉〈

k
NW 2/

+

][ 2/0 NkX 〉〈

][ 2/1 NkX 〉〈

k
NW

k
NW

4 point4 −N

DFT

point4 −N

DFT
][nx

][00 nx

][01 nx

k
NW

4

4 point4 −N

DFT

point4 −N

DFT

][10 nx

][11 nx

z

4

z

z
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• Radix-R FFT algorithm - A each stage the 
decimation is by a factor of R

• Depending on N, various combinations of 
decompositions of X[k] can be used to 
develop different types of DIT FFT 
algorithms

• If the scheme uses a mixture of decimations 
by different factors, it is called a mixed 
radix FFT algorithm
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• For N which is a composite number 
expressible in the form of a product of 
integers:

total number of complex multiplications 
(additions) in a DIT FFT algorithm based 
on a     -stage decomposition is given byν

νrrrN L21 ⋅=

Nr
i

i ⎟
⎠
⎞

⎜
⎝
⎛
∑ −
=

ν
ν

1
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• Consider a sequence x[n] of length
• Its z-transform can be expressed as

where

μ2=N

)()()( 2/ zXzzXzX b
N

a
−+=

∑
−

=

−=
1)2/(

0
][)(

N

n

n
a znxzX

∑
−

=

−+=
1)2/(

0
2

][)(
N

n

nN
b znxzX
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Radix-4 FFT

8
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• Likewise, the relation between x[n] and the 
sequences           ,           ,          , and          , 
generated by the two-stage decomposition 
of the DIT algorithm is given by

][00 nx ][01 nx ][11 nx][10 nx

]7[]3[:][
]5[]1[:][
]6[]2[:][
]4[]0[:][

]7[]6[]5[]4[]3[]2[]1[]0[:][

11

10

01

00

xxnx
xxnx
xxnx
xxnx

xxxxxxxxnx

Copyright © 2010, S. K. Mitra44

DecimationDecimation--inin--Time FFT Time FFT 
AlgorithmAlgorithm

• The subsequences           ,           ,          , and         
can be generated directly by a factor-

of-4 decimation process leading to a single-
stage decomposition as shown on the next 
slide

][00 nx ][01 nx ][10 nx
][11 nx
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+ ][kX

][ 4/01 NkX 〉〈

][ 4/00 NkX 〉〈

k
NW 2/

+

][ 4/11 NkX 〉〈

][ 4/10 NkX 〉〈

k
NW 2/

+

][ 2/0 NkX 〉〈

][ 2/1 NkX 〉〈

k
NW

k
NW

4 point4 −N

DFT

point4 −N

DFT
][nx

][00 nx

][01 nx

k
NW

4

4 point4 −N

DFT

point4 −N

DFT

][10 nx

][11 nx

z

4

z

z
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• Radix-R FFT algorithm - A each stage the 
decimation is by a factor of R

• Depending on N, various combinations of 
decompositions of X[k] can be used to 
develop different types of DIT FFT 
algorithms

• If the scheme uses a mixture of decimations 
by different factors, it is called a mixed 
radix FFT algorithm
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• For N which is a composite number 
expressible in the form of a product of 
integers:

total number of complex multiplications 
(additions) in a DIT FFT algorithm based 
on a     -stage decomposition is given byν

νrrrN L21 ⋅=

Nr
i

i ⎟
⎠
⎞

⎜
⎝
⎛
∑ −
=

ν
ν

1
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• Consider a sequence x[n] of length
• Its z-transform can be expressed as

where

μ2=N

)()()( 2/ zXzzXzX b
N

a
−+=

∑
−

=

−=
1)2/(

0
][)(

N

n

n
a znxzX

∑
−

=

−+=
1)2/(

0
2

][)(
N

n

nN
b znxzX
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FFT for other values of N

如果 N 可以分解成很多个较小的值的乘积

N = r1 · r2 · r3 . . . rv

那么可以采用混合抽样的方式，『化整为零』, 书中 452 页图 11.30。
其运算量为：

乘法（加法）运算总数=

(
v
∑
i=1

ri −v
)

N
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1 FFT 变换的历史

2 戈泽尔算法

3 时间抽取 FFT

4 频率抽取 FFT

5 FFT 计算 IDFT
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频率抽取（DIF）FFT

F 考虑长度为 N = 2µ 的序列 x[n]，其 z 变换为

X(z) =
N−1
∑
n=0

x[n]z−n = Xa(z)+ z−N/2Xb(z)

其中，

Xa(z) =
N/2−1

∑
n=0

x[n]z−n

Xb(z) =
N/2−1

∑
n=0

x[N/2+n]z−n

F 根据 z 变换与 DFT 变的关系，在单位圆上等间隔采样，即 z = W−k
N

X[k] =
N/2−1

∑
n=0

x[n]Wkn
N +W(N/2)k

N︸ ︷︷ ︸
=(−1)k

N/2−1

∑
n=0

x[N/2+n]Wkn
N
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频率抽取（DIF）FFT

F 当 k 为偶数

X[2ℓ] =
N/2−1

∑
n=0

(x[n]+x[N/2+n])W2nℓ
N , ℓ= 0,1, ...,N/2−1

=
N/2−1

∑
n=0

(x[n]+x[N/2+n])Wnℓ
N/2

F 当 k 为奇数

X[2ℓ+1] =
N/2−1

∑
n=0

(x[n]−x[N/2+n])Wn(2ℓ+1)
N , ℓ= 0,1, ...,N/2−1

=
N/2−1

∑
n=0

(x[n]−x[N/2+n])Wnℓ
N/2Wn

N
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频率抽取（DIF）FFT
F 频率分解：

X[2ℓ] =
N/2−1

∑
n=0

x0[n]Wnℓ
N/2, X[2ℓ+1] =

N/2−1

∑
n=0

x1[n]Wnℓ
N/2, ℓ= 0,1,2, ...,N/2−1

9
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• Evaluating X(z) on the unit circle at            
we get

which can be rewritten using the identity         
as

∑=
−

=

1)2/(

0
][][

N

n

nk
NWnxkX

∑ ++
−

=

1)2/(

0 2
)2/( ][
N

n

nk
N

NkN
N WnxW

nk
N

N

n

Nk WnxnxkX ∑ +−+=
−

=

1)2/(

0 2
])[)1(][(][

kkN
NW )1()2/( −=
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• For k even

• For k odd

ll n
N

N

n

N WnxnxX 21)2/(

0 2
])[][(]2[ ∑ ++=

−

=
10,])[][(

22/
1)2/(

0 2
−≤≤∑ ++=

−

=

Nn
N

N

n

N Wnxnx ll

10,])[][(
22/

1)2/(

0 2
−≤≤∑ +−=

−

=

Nn
N

n
N

N

n

N WWnxnx ll

)12(1)2/(

0 2
])[][(]12[ +−

=
∑ +−=+ ll n

N

N

n

N WnxnxX
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• We can write

where

)2(
1)2/(

0
0 ][]2[ ll n

N

N

n
WnxX ∑

−

=
=

10,][]12[
2

)2(1)2/(

0
1 −≤≤∑=+

−

=

Nn
N

N

n
WnxX ll l

]),[][(][
20 nxnxnx N ++=

10,])[][(][
221 −≤≤+−= Nn

N
N nWnxnxnx
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• Thus             and                 are the (N/2)-
point DFTs of the length-(N/2) sequences           

and
• Flow-graph of the first-stage of the DFT 

algorithm is shown below

]2[ lX ]12[ +lX

][0 nx ][1 nx

x0[0]

x0[1]

x0[2]

x0[3]

x1[0]

x1[1]

x1[2]

x1[3]

x[0]

x[1]

x[2]

x[3]

x[4]

x[5]

x[6]

x[7]

X[0]

X[2]

X[4]

X[6]

X[1]

X[3]

X[5]

X[7]

DFT

N

DFT
2

N
2

W 0
N

W 1
N

W 2
N

W 3
N

point-

point-
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• Here the input samples are in sequential 
order, while the output DFT samples appear 
in a decimated form with the even-indexed 
samples appearing as the output of one 
(N/2)-point DFT and the odd-indexed 
samples appearing as the output of the other 
(N/2)-point DFT

Copyright © 2010, S. K. Mitra54
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• We next express the even- and odd-indexed 
samples of each one of the two (N/2)-point 
DFTs as a sum of two (N/4)-point DFTs

• Process is continued until the smallest DFTs
are 2-point DFTs
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频率抽取（DIF）FFT

F 继续对 X0 和 X1 进行分解：

10
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• Complete flow-graph of the decimation-in-
frequency FFT computation scheme for N = 8

X[0]x[0]

X[4]x[1]

X[2]x[2]

X[6]x[3]

X[1]x[4]

X[5]x[5]

X[3]x[6]

X[7]x[7]

W 0
N

W 1
N

W 2
N

W 3
N W 2

N

W 0
N

W 0
N

W 0
N

W 0
N

W 0
N

W 0
N

W 2
N
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• Computational complexity of the radix-2
DIF FFT algorithm is same as that of the 
DIT FFT algorithm

• Various forms of DIF FFT algorithm can 
similarly be developed

• The DIT and DIF FFT algorithms described 
here are often referred to as the Cooley-
Tukey FFT algorithms

Copyright © 2010, S. K. Mitra57

Inverse DFT ComputationInverse DFT Computation

• An FFT algorithm for computing the DFT 
samples can also be used to calculate 
efficiently the inverse DFT (IDFT)

• Consider a length-N sequence x[n] with an 
N-point DFT X[k]

• Recall

∑=
−

=

−1

0
][1][

N

k

nk
NWkXN

nx
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Inverse DFT ComputationInverse DFT Computation

• Multiplying both sides by N and taking the 
complex conjugate we get

• Right-hand side of above is the N-point 
DFT of a sequence X*[k]

∑=
−

=

1

0
][*][*

N

k

nk
NWkXnNx
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Inverse DFT ComputationInverse DFT Computation
• Desired IDFT x[n] is then obtained as

• Inverse DFT computation is shown below:

*
][*1][

1

0 ⎭
⎬
⎫

⎩
⎨
⎧
∑=
−

=

N

k

nk
NWkX

N
nx

{X[k]}Re Re {x[n]}

Im{x[n]}Im {X[k]}
1−

N
1−

N
1

N-point
DFT
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Inverse FFT

DFT

X[k] =
N−1
∑
n=0

x[n]Wnk
N

Inverse DFT

x[n] = 1
N

N−1
∑
k=0

X[k]W
− nk

N

Nx∗[n] =
N−1
∑
k=0

(
X[k]W−nk

N

)∗
=

N−1
∑
k=0

X∗[k]Wnk
N

⇒ x[n] = 1
N

[
N−1
∑
k=0

X∗[k]Wnk
N

]∗
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FFT 的应用

F Efficient matrix-vector multiplication for Toeplitz, circulant and other structured
matrices

F Filtering algorithms

F Fast algorithms for discrete cosine or sine transforms (example, Fast DCT used
for JPEG, MP3/MPEG encoding)

F ...

[1] Rockmore, D.N. (January 2000). ”The FFT: an algorithm the whole family can
use”. Computing in Science Engineering. 2 (1): 60–64
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卷积的高效计算

for discrete signals is that the DFT of the circular convolution of two signals is the product
of their DFT’s.

Computing the convolution with a straightforward algorithm would require N2 (real)
multiplies and adds – too expensive!

We can do the same computation faster using discrete Fourier transforms. If we compute
the DFT of sequence f and the DFT of sequence g, multiply them point-by-point, and then
compute the inverse DFT, we’ll get the same answer. This is called Fourier Convolution:

f g

f⊕g

×

F G

FG

FFT − O(NlogN)

IFFT
O(NlogN)

convolve
O(N2)

multiply
O(N)

spatial
domain

frequency
domain

⊕⊗

⊗

If we use the FFT algorithm, then the two DFT’s and the one inverse DFT have a to-
tal cost of 6N log2 N real multiplies, and the multiplication of transforms in the frequency
domain has a negligible cost of 4N real multiplies. The straightforward algorithm, on the
other hand, required N2 real multiplies.

Fourier convolution wins big for large N.

Often, circular convolution isn’t what you want, but this algorithm can be modified to
do standard “linear” convolution by padding the sequences with zeros appropriately.

Fourier Transforms of Images

The two-dimensional discrete Fourier transform is a simple generalization of the standard
1-D DFT:

Ak,l =
M�1X

m=0

N�1X

n=0
Wkm

M Wln
N am,n

11
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FFT 算法库
F 最快的 FFT 算法库：FFTW，http://www.fftw.org/

F 比 FFT 还要快的 SFFT：Sparse Fast Fourier Transform,
http://groups.csail.mit.edu/netmit/sFFT/
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FFT 相关的研究领域

F 大数据 FFT：天文观测领域，例如引力波测量（LIGO）中，研究如何对百万甚至亿
万点的数据进行 DFT 变换；

F 近似 FFT：MRI 领域，频域采样不一定是等间隔的；

F 量子 FFT：研究 2 进制数据的快速傅里叶变换；

F ...

1 Cormen and Nicol (1998). ”Performing out-of-core FFTs on parallel disk
systems” (PDF). Parallel Computing. 24 (1): 5–20.

2 Dutt, A.; Rokhlin, V. (November 1, 1993). ”Fast Fourier Transforms for
Nonequispaced Data”. SIAM Journal on Scientific Computing. 14 (6): 1368–
1393.

3 L. Hales, S. Hallgren, An improved quantum Fourier transform algorithm and
applications, Proceedings of the 41st Annual Symposium on Foundations of
Computer Science, p. 515, November 12–14, 2000
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